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1 Analysis on the Heisenberg group: Basic Facts
(see e.g.[7], [24])

1.1 The Heisenberg group and its automorphisms

The Heisenberg group H, is R™ x R™ x R, endowed with the product

1
(@, y,u) - (@ y' ) = (@ 2ty + o ut + Sy —y - a)).

Observe:
e 0 is the neutral element of H,
d (.Z', Y, u)_l = (—1', -y, —U)

e Writing z = (x,%) € R?", and regarding z as a column vector, we may regard H, also as
R?” x R, with product

(1.1) (2u) - () = (z+z’,u+u'+%<z,z’>),

where ( , ) denotes the canonical symplectic form

on R2",

Exercise: H, is isomorphic to the group of upper triangular matrices

1 p1 ... pn ¢
1 0 q1
) pijjvteR
L g
1

If w is any symplectic bilinear form on a finite dimensional vector space V over R or C, denote

by

(1.2) Sp(w) :={T € L(V,V): w(Tz,Tw) =w(z,w) Vz,w € V}



the corresponding symplectic group. If w = (, ), we also write Sp(n,R) resp. Sp(n,C) for these
groups. Notice:
TecSpn,R) <= 'T-J.T=1J

If t — T(t) is a smooth curve in Sp(w) with T(0) = I, one finds from (1.2) that S := %(0)
satisfies

(1.3) w(Sz,w) +w(z, Sw) =0,

i.e. S is skew symmetric w.r. to w.
This shows that the Lie algebra sp(w) of Sp(w) consists of all linear endomorphisms S of V'
satisfying (1.3). In particular,

sp(n,R) := Lie(Sp(n,R)) = {S: SJ +JS =0}.
The Lie bracket in sp(n,R) is just the commutator
[S1,S2] = S152 — S251.
o If T € Sp(n,R), we identify T' with the automorphism
T(z,u) = (Tz,u)
of Hi,, so that Sp(n,R) embeds into the automorphism group Aut (H,,) of H,.
e Further automorphisms are the (anisotropic) dilations
6r(2z,u) := (rz,ru), r >0,
and the “Cartan involution”

O(x,y,u) := (x,—y, —u).

Proposition 1.2 Aut (H,,) is generated by Sp(n,R), the dilations o,, the inner automorphisms
and 6.

1.2 Integration on H,

The Lebesgue measure dg := dzdu is a bi-invariant Haar measure on H,, i.e.
hd:/ hd:/ d Vh € H,.
J, fha)da = [ flon)da= [ flg)dg
The convolution of two suitable functions (or distributions) f1, fo on H,, is defined by
fifolg) = [ fi)falhg)dn
= [ Foh ) sah) dn.

Define the refiection at the origin and the involution of f by

f(g) = f(g7") and f*(g) := f(g~1), respectively.

Then, for ¥ =7 *, one has (ff)¥ = f, and

(frxfo)t = fixfie Nl = 11l

Notice that the group algebra L'(H,,+,*,*) is a non-commutative involutive Banach algebra.



Remarks. (a) Identify 2z = (z,y) € R" x R" with (21,...,2,) := (z1 +iy1,..., 20 +iyn) € C",

and call f polyradial, if f(z,u) = f(|z1],...,|2n|,u) for some function f on R? x R. Under this
identification of the underlying manifold of H,, with C", the n-torus T" = {(e/1,...e¥") : p; €
[0,27[} acts by (symplectic) automorphisms (21, ..., z,,u) — (e¥121,..., ez, u) on H,, and

f is polyradial iff f o7 = f Vr € T™. Consequently, since
(fixf2)oa=(fioa)x(faca)
for every fi, fo € L'(H,,) and o € Aut (H,) with det Do = 1,
Lér(Hn) ={f e L'(H,): f is polyradial }
forms a subalgebra of L!(H,,). Even more is true:
Proposition 1.2 Ll (H,) is a commutative involutive Banach algebra.
Proof. If f ¢ Lrl)r(Hn), then f = f o#. Hence, for f1, fo € Lrl,r(]HIn),
fixfo = (fox iy = ((f200) % (fi00))
((fox f1) o0y = ((fax f1)) = fax f1.
Q.E.D.

(b) If one replaces T™ by the unitary group U(n) in this discussion, one finds in a similar way
that the radial L'-functions f, i.e. functions which depend only on |z| := (|z1|? + ... + |2,]?)!/?
and u, form a commutative subalgebra Ll (H,,) of L!(H,).

For (z,u) € H,, define the so-called Koranyi-norm by

(1.4) I(z,u)] = (|2|* + 16u®)Y* = ||2]? + 4iu| /2.
It has the following properties (Exercise):

(i) |0rg] = r|g] Vg € H,, r> 0.

(i

) 19/ =0 < g=0.
(iii) [g
)

=gl
(iv) |g192| <ol + |g2| V1,92 € H,.

In particular, |- | is a so-called homogeneous norm, and dg (g1, 92) := |97 Lgo| is a left-invariant
metric on H,.

Remark 1.3 H,,, endowed with the Koranyi-metric dg and the Haar measure, forms a space
of homogeneous type in the sense of Coifman and Weiss.

Denote by
B,(g) == {h € H, : [g7"h| < r}

the open ball of radius r > 0 centered at g € Hl,,. Then, by left-invariance and (i),
|B-(9)| = [B,(0)] = [6,(B1(0))| = r2|B1(0)],

where
Q=2n+2

is the so-called homogeneous dimension of H,.



1.3 Left-invariant differential operators on H,

A linear operator T : S(H,,) — S'(H,) is called left respectively right - invariant, if

T(Agp) = Ag(T') respectively  T'(o04¢) = 0g(Tp)

for every g € G, p € §, where A and g denote the left-reqular and right-reqular action

(Agp)(h) := (g "h), (0g)(h) := @(hg).

T is called homogeneous of degree o € C, if

T(pod,)=r*Typ)od, Vr>0, p€S.

The Lie algebra b, of H,
Identify the tangent space ToH,, with R*® x R. For X € TyH,,, let Lx denote the Lie-derivative

(Lxe)(9) = (g -1(D)leco.

where 7 : [0,1] — H,, is any smooth curve with y(0) = 0, 4(0) = X. Then Ly is a left-invariant
vector field on H,,, and the mapping X — Lx is bijective from TpHl, onto the space of all
left-invariant real vector fields on H,,. In particular, the Lie bracket [ , | on ToHl, can be defined
by

Lixy)=[Lx,Ly]:=LxLy — LyLx.

ToH,,, endowed with [, ], forms the Lie algebra b, of H,,. As usually, we shall henceforth
identify X € b,, with the corresponding Lie derivative Lx.
One computes easily that a basis of b, is given by the vector fields
0 1 0 0 1 0 , 0

=1,... d U:=—.
] b ?n’ an au

15 x.o= ¢ L9 y._9 1 9
(15) X; ox;j 2% 5’ J 8yj+2%8u’

These satisfy the “Heisenberg commutation relations”

(X5, Y] = 6, U,

Observe: The X;,Y; are homogeneous of degree 1, the “central derivative” U is homogenous
of degree 2.

If n = 1, we shall often write X,Y in place of X1, Y.

Notice that the exponential mapping exp : b, — H, is the identity mapping.

Denote by u(h,) the associative algebra of all left-invariant differential operators on H,,.
u(h,) can be identified with the universal enveloping algebra of b,. In particular, it is generated
by the elements of b,.



2 Local solvability
(see e.g. [9])
Let P = P(z,D) = Y an(z)D* be a linear PDO on R? of order m, where D = D" ... D,

laj<m

D; = ﬁ %. Denote by
Pu(z,6) = > ta(®)€", (2,6 € RTxRY,
|a)l=m
its principal symbol. Assume that the coefficients a, are smooth.

P is said to be locally solvable (I.s.) at x° € R if there exists an open neighborhood € of
20, such that for every f € C§°(Q) there exists a distribution u € D'(2) solving the equation
(2.1) Pu=f in Q.

We call P locally solvable (in R?), if it is locally solvable at every x° € R

Remark 2.1 By the theorem of Malgrange/Ehrenpreis, every constant coefficient PDO is locally
solvable.

Example 2.2 Consider the left-invariant complex vector field
Z=X+1iY on Hj.

This is just the famous Lewy-operator, historically the first example of a linear PDO which is
nowhere locally solvable.

Observe: A left-invariant PDO on a Lie group is l.s. at one point of the group iff it is l.s. at
every other point.

Shortly after Lewy’s example, Hormander produced the following
Theorem 2.3 (Hérmander’s criterion) Assume there evists ¥ € RY s.t.

(H) Pm(:L,O,gO) =0 cmd {%epﬁw Smpm}(xo’éo) 7é 07

where

{a,b} := Z

Jj=1

L (0a O  da b
8§j ax]’ &Tj 8&

denotes the Poisson bracket of a and b. Then P(x, D) is not locally solvable at x°.
Recall that ¢V is called characteristic for P at 2%, if P,,(z%,£°) = 0.

The lengthy proof makes use of the following

Basic Lemma 2.4 The equation (2.1) can be solved in Q if and only if the following holds true:
For every relatively compact open subset A C Q (shortly: A € Q) there exist constants C' and
ke N, s.t. for every f,v € C§°(A),

22) [ fodsl <€ 310l Y ID7 Pols

o <k 181<k

Here, 'P denotes the formal transposed of P, defined by

/U(Pu) dx = /(th)udw.



Proof. The sufficiency of (2.2) follows by Hahn-Banach (exercise).
Conversely, if Pu = f can be solved for every f € D(Q) by some u € D'(Q2), then
(%) (f,v) = [ fvdx = (u, 'Pv) Vv € D(A).

Consider (f,v) as a bilinear form on C§°(A) x C§°(A), where C§°(A) is a Frechet space
with the topology induced by the semi-norms || D f||2, and where C§°(A) is endowed with the
metrizable topology induced by the semi-norms ||D? ‘Puv||s.

Obviously, f — (f,v) is continuous for fixed v.

The continuity of v — (f,v), for fixed f, follows on the other hand by (x).

Thus, (f,v) — (f,v) is separately continuous, hence continuous, by Banach-Steinhaus. This
proves (2.2).

Q.E.D.

Remark 2.5 Condition (2.2) is equivalent to
(2.3) 1]~k < ClI Pollry

where || fll) = (f(1+ £12)2| £ (€)[2d€)'/? denotes the Sobolev-norm of order c.

Illustration of the proof of Theorem 2.3 in the case of Lewy’s operator Z

Assume w.r. that 2% = 0.
A first important step is to find, for a given characteristic £° at 0 satisfying condition (H),
a complex phase function of the form

(2.4) wx) =€ x+is-A-xz+0(z?),
where ReA is a positive-definite matrix, such that, if possible,
(2.5) PPz, D)™™ =0 YA>1.

(This cannot always be achieved in the strict sense, only asymptotically as A\ — oo, but a
necessary condition is that w satisfies the “eikonal equation”

Py (z,Vw) =0.)

If P = Z is Lewy’s operator, then one computes that the characteristic points at 0 are (0,0, u°),
which satisfy (H) if and only if u° # 0.

A suitable phase can here be constructed directly by means of the following observation: Let
(2.6) q+(z,u) == |2|* £ diu

be the expression appearing implicitely in (1.4). Then one computes that

so that Z(f oqy) = 0 for every holomorphic function f. Since Z = —Z, we may thus choose w
such that

2miw = —qy + q3 = —4iu — (|2|* + 16u?) + O((|2| + |u])?)
in (2.5), with p = —2/7.



Given this phase, put ‘
Uy = 627”)\U)X7 f)\ = A3X(A)7

where x € D(H),) is supported where |z| + |u| < 2¢, and x = 1 in |z| + |u| < e. Then, as
A — 400,

Lo bondg = [ [xuxaunem e qau — [ [ ue = 30,4,
1
On the other hand, '
tZ'l))\ — e2m>\w th’
where 'Zy is supported in the region where |z| + |u| ~ €. If € is sufficiently small, then, by (2.4),
Smw ~ £? in this region, hence 2| ~ e~ for some § > 0. This easily implies
Ay - [1Z0All gy — 0 as X — +oo.

Thus, if we choose x s.t. (0, —u®) # 0, we obtain a contradiction to (2.2).
Q.ED.

Remark: In general, (2.4) cannot be satisfied exactly, and the proof becomes considerably more
involved.

For homogeneous left-invariant PDO’s on H,, the following necessary criterion for local
solvability has proven extremely useful (analogues hold on general homogeneous groups).

Theorem 2.6 [5], [14]. Let P € u(h,,) be homogeneous. If P is locally solvable, then there exist

a Sobolev-norm || - |1 and a continuous “Schwartz-norm” || - ||s on S(H,), s.t.
(2.8) FO < IAIEP P VF e S(EHL).

Corollary 2.7 [5] Suppose there exists a non-trivial f € S(H,,) s.t.
(CR) Pf=0.
Then P s not locally solvable.

Proof. Let Q be an elliptic, right-invariant Laplacian on H,, and let Q be an open neighborhood
of 0,m > 1.Then, for ¢ € D(), by Poincaré’s inequality and standard elliptic regularity theory,

p(0)] < C1Q™¢ll2 < ClIR™ ¢l

provided 2 is chosen sufficiently small. We choose k is as in (2.3), and assume k to be even.
Since Q"1*/2 commutes with the left-invariant operator P, by (2.3) we have

Q™ F 20| Cl|Q™ ™2 Py|| 4

<
< C'N|"Poll@ma+an)

ie. thereexists a K € N, C >0, s.t.
(2.9) 0(0)] < C|I"Pellxy Ve € D(Q).

Rescaling, we may assume w.r. that Q = By, where B, := B,(0). Let ‘P be homogeneous of
degree q. Choose x € D(B3) s.t. x =1 on B;. Then, for f € S, by (2.9)

(2.10) FOI < CI'POUS o 5)lla) ¥ > 0.

7



But:

P(x(fodr)) = x'P(fod)+R(fod)
rix ("Pf) o d; + R(f o or),

where R = ['P, x] is a PDO whose coefficients are supported in {1 < |z| < 2}. Thus, for r > 1,

120 060l
<Cri(IPfllg + 3 [ 11Oy,

<N g )z)<2

for some constants A > 0, N > 0. Now,

[ 16
1<|z|<2

IN

P a1 6 P
1<|z|<2

180 [ 0] (w) P

Choosing B s.t. A— B —Q = —A, we find a Schwartz-norm || - ||s s.t.

IPOS 0 8:)lly < CAIVPSllrey + =1 F1ls)-

Combining this with (2.10) and optimizing in r we obtain (2.8) (if we assume w.r. that |f(0)| <
1 1ls)-

IN

Q.ED.

In order to apply the “(C'R)-test” from Corollary 2.7, one needs to construct functions in the
kernel of ‘P. Here, representation theory can help.

3 The group Fourier transform
(see e.g. [7], [4], [24])

Let G be a locally compact group and H a Hilbert space. A unitary representation of G on
‘H is a strongly continuous homomorphism

7:G—U(H)

of G into the group U(H) of unitary operators on H. We shall also write H, in place of H, if
we want to emphasize that H is the representation space of m. Two representations m and p are
called equivalent, if there exists a linear isometry 7" from H, onto H, such that 7(g)T = T')p(g)
for every g € G. 7 is called irreducible, if the only closed and 7(G)-invariant subspaces of H are
{0} and H. The unitary dual G of G consists of all equivalence classes [r] of irreducible unitary
representations. Often one identifies G also with a system of representatives of representations.

As a consequence of the Stone-von Neumann theorem, such a system is given for the Heisen-
berg group H,, by the following irreducible representations:

(i) For p € R*: =R\ {0}, the Schridinger representation m, acts on L?*(R™) as follows:
(3.1) [ (p, @, w) fl(w) 1= 2THOTITERID (g ) f € LA(RM).

(ii) For ¢ € R?", the characters
we(z,u) 1= 7

are 1-dimensional representations of H,,.



The characters are the irreducible representations which act trivially on the center
Zn =4(0,0,u) : u € R}

of H,,, and they will play no role in the discussions to follow.
If 7 is a unitary representation of G, and if f € L'(G,dg) (dg= left-invariant Haar measure),
one defines 7(f) € B(H) by

w(f)€ = /G fo)n(g)Edg, €M

One checks that the operator norm of 7(f) satisfies ||7(f)|| < ||f||z1, and that the following
holds true:

The “integrated” representation w is a continuous homomorphism
T (LNG), +,%" ) = (B(H), +,0,")
of involutive Banach algebras.

~ For f € LY(G), we define the (group-) Fourier transform of f as the mapping f G —
U, eaB(Hz), given by

fm) = [ £o)mle) dg = [ flo)mlg™)d.
Observe that for instance for G = H,,

f(m) ==(]),

which implies

(3.2) (fix f2)"\(m) = fa(m) o fi(m).

On H,,, one has the following explicit Fourier-inversion formula for "nice” functions, such
as for example Schwartz-functions:

(33 fa) = [, w(Fmmdo) Il du, g € H,.

The corresponding Plancherel-formula reads as follows:
3.4 / 2d:/ () 2 ™ dp.
(34 [ V@R dg = [ 11Fm) sl dn

Here, trA denotes the trace of the operator A, and ||A||xs := (trA*A)Y/? its Hilbert-Schmidt
norm.

This holds for f € L?(G) in a similar sense as in the Euclidean case. For f € L' N L?(G),
where f (m) is well-defined for every p # 0, part of the statement is that f (m,) is a Hilbert-
Schmidt-operator for a.e. pu € R*.

Notice that the characters w; do not enter in these formulas.

Formulas (3.3) and (3.4) can be deduced from the Euclidean Fourier inversion formula as
follows:

Direct computations, based on formula (3.1), show that f (m,) can be represented as a kernel
operator

(35) (Froo)@) = [ Kf@ewdy, e LR,



with integral kernel

(36) Kiwy) = [ [ 1 y.q e 3o g,

—

= fa—y. 5 +y).0).

Since trf(ﬂu) = fK;f(x,x) dx, (3.3) follows easily (Exercise).

The Fourier transform of a differential operator

If P € u(h,), then
Pp=P(p*d) =¢p*x(Pd), peSs,

i.e. P can be represented by convolution from the right with the compactly supported distri-
bution P¢. But from (3.6), one sees that K ;f is well-defined as a tempered distribution kernel
K% € §'(R" x R") supported near the diagonal « = y, for every distribution f € &'(H,) with
compact support. This implies that the integral operator (3.5), defined in the Schwartz-sense of
distributions, is well-defined on S(R"™), and

A~

f(m) : SR™) — S(R™)

is continuous for every f € &'(H,,).
For P € u(h,,), we now define its Fourier transform by

o~

P(m,) = Pé(m,) == m,((PY)).

Approximating P by Pd x ¢. € D, where {p.}.~0 denotes a Dirac sequence in D, one finds
from (3.2) that

(3.7) Po(m,) = P(m) o p(m,),  ¢€S,
and
(3.8) AB(m,) = A(m,) o B(r,), VA, B €u(by,),

since (AB)6 = A(B6 * ) = B x Aé.
Since X = %5, Y;é = %5, Ué = %(5, we find from (3.6) that

N 0 N ) ~ )
(3.9) Xj(my,) = EPet Yj(m,) = 2mipxy, U(my) = 2mwip.
J
Also, from (3.6), one sees that
(3.10) K;i’gr (z,y) = r_”_2K;f(7‘x,ry), r>0.

If P € u(h,) is homogeneous of degree ¢, then f = P9 satisfies f o §, = r~@~9f hence from
(3.10) we get
2

(3.11) Kpf'(2,y) = r1 " Kps(ra, ry).

From Corollary 2.7, we can now deduce

10



Corollary 3.1 Let P € u(h,) be homogeneous, and assume there exist i° € R* and ¢ €
S(R™), ¢ #0, s.t. 'P(m,0)¢ =0. Then P is not locally solvable.

Proof. Assume for instance x° > 0. For p > 0, put

o (x) = ¢ <<%>1/2 :E) .

Then, by (3.11), P(m,)¢* =0 V> 0. Let x € C§°(RT), and put

KH(z,y) == x(pn)o! (z)¢" (y)-

From (3.6), it follows that K* = K }‘ for some unique function f € S(H,,). And,

(PH)Nr,) = P(r,) f(m,) =0,

since f (m,) is represented by the kernel K*. Thus, by Fourier inversion, Pf=0.
Q.E.D.

Example 3.2. By (3.9), for the Lewy operator Z = X +iY on Hj, one has
D) = — (2 if 4y = —1/2
(mu0) = — %—i-w , ifp =—-1/2m.

Thus, the Gaussian ¢~*"/2 lies in the kernel of ?2(77“0).

Remark 3.3. For a representation theoretic pendant to Theorem 2.6, see [14].

4 Second order PDO’s on H, with real coefficients and the
metaplectic group

In the remaining part of these lectures, we shall discuss the following (still largely open)

PROBLEM. Classify all second order left-invariant PDO’s on H,, which are locally solvable.

Let me remark that local solvability has also been studied for operators of higher order, and
on more general Lie groups, in particular for bi-invariant PDO’s and for “transversally elliptic”
operators. Some reference to the vast literature on the subject can be found in [1] and [22].

We shall concentrate here on the case of homogeneous operators of degree 2, which are of
the form

2n
(4.1) L= Z a;,WiWj, +ial, ajr,a € C,
k=1
where W; := X;, W, ;:=Y;, j=1,...,n.
Throughout this section, the a;; will be real; the case of complex coefficients will be discussed
in the last section. For results in the non-homogeneous case, see e.g. [21], [17].
Let us put A := (ajk);k=1,..2n and

(4.2) Si=—-AJ.

Observe that A is real and symmetric if and only if S € sp(n,R). Since, as it turns out, solvability
of the operator L is very much ruled by the spectral properties of S, we shall put

11



2n
Ag = Z ajWiWy, S € sp(n,R),
Jk=1

where A is related to S by (4.2).
The following theorem gives a complete answer for operators of the form (4.1) and A real
(for a generalization to arbitrary 2-step nilpotent groups, see [20]).

Theorem 4.1 [19] The operator L, := Ag +iaU is not locally solvable if and only if all of the
following three conditions hold:

(i) o € R;

(i1) S is semisimple and has purely imaginary spectrum o(S); in this case, there exists some
T € Sp(n,R) such that S’ := TST~" takes on the normal form

A1

(4.3) S =

with ”frequencies” A\, ..., , € R.

(iii) There are no constants C, N > 0, s.t.

(4.4) Z% + DN E£a| >C A +k+..o+ k)Y

for all ki,...,k, € N.
Before we discuss some of the methods employed in its proof, let us consider some examples:

Example 1. Assume S is given by (4.3). Then
n
AS = — Z /\]()(j2 + Yf)
j=1

If all A; are of the same sign, Ag is a so-called sub-Laplacian. In this case, condition (4.4) is
equivalent to o & C, where C is the “critical set’

Z% +1)A; : kj N}

Observe that local non-solvability for these operators does not only depend on the principal

part of order 2, but in fact in a crucial way on the first order part ialU. This phenomenon,

which is in sharp contrast to the behaviour of so-called “principal type” operators (see e.g.[22]),

had first been observed in the fundamental work [8] on the so-called Kohn-Laplacian Ax =
"_1(X? +Y}). For general sub-Laplacians, see also [2].

12



It is interesting to remark that the approach by Folland/Stein in [8] avoids representation
theory. It is based on the explicit formula

(4.5) (Ag +iaU)P, = 740,

where

n—ao n+ao

b, :i=q, ? 2

with g+ (z,u) = |z|* & 4éu given by (2.6), and

TTET )

Clearly, for o & C, v, # 0, hence ,Yiafba is a fundamental solution of Ag + iU, which implies
its local solvability.
This approach, however, is restricted to rather particular operators (compare also [6]).

Example 2. X7 + Y2 — A\(X3 + Y#) on H is locally solvable if and only if there are constants
C,N >0 s.t.
IA—p/a > Cq™V (compare (4.4)),

for all odd p,q € N, i.e. if and only if X is neither a rational number p/q with odd p and ¢, nor
a Liouville number of “odd type”.

Example 3. X7 — Y2 +iaU is locally solvable on H; for every o € C.

In fact, here S = (_01 _01>, hence o(S) = {—1,1} is real.

Basic tools in the proof of Theorem 4.1

4.1 “Symplectic” changes of coordinates

If T € Sp(n,R) — Aut (H,), then, since exp = id for H,,, X (foT)(g) = %f(T(g exptX))|i=o =
%f(T(g) exp tT(X))|t=0 = (T'(X) f)(Tg) for every X € b,. This implies (Exercise)

(4.6) As(foT) = (Arsr-1f)oT.

Since U(foT) = (U f)oT, this shows that solvability of Ag+ialU depends only on the conjugacy
class of S € sp(n,R) under the real symplectic group Sp(n,R).

4.2 Application of the group Fourier transform

Whereas Hérmander’s criterion cannot be used here to prove non-solvability, since L, has a real
principal symbol, Theorem 2.6 does apply in a very similar way as in Example 3.2 .
Let us illustrate this in the case of the operators

(4.7) Lo =X?4+Y?%4iaU on H.
By (3.9), we have

—~ d? 5

Lo(my,) = gk (2mpx)” — 2wap.
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But, % — (2mpx)? is just a re-scaled Hermite operator, with eigenfunctions

hip () = (2mlp)) Y/ b (2| al) ?2)

and associated eigenvalues
—2m|ul (2k + 1), ke N.

Here,
k
_ k x2/2 d —z2
hi(z) = cp(—1)Fe™/ e
denotes the L2-normalized Hermite function of order k.
Consequently,
(4.8) Lo(m)hfs = =27 |u|(2k + 1 + (signp)a) b,

i.e. there exist ;4 and k with I//;(ﬂ'u)hg =0iffaeC={£(2k+1): ke N}

So, by Corollary 3.1, L, is not lL.s., if « € C.

In general, if S satisfies (i), (ii) and (iii) in Theorem 4.1, then, by standard symplectic linear
algebra, one finds T' € Sp(n,R), which conjugates S into the form (4.3) (see e.g. [19, Lemma
3.1], and assuming that S = S’, one can argue in a similar way as above, keeping Remark 3.3
in mind.

On the other hand, if conditions (i) and (ii) in Theorem 4.1 do apply, but the diophantine
condition (4.4) fails, one can prove local solvability by means of the Fourier inversion formula
(3.3).

On a formal level, and grossly oversimplifying compared to the general case, the argument,
which we shall again demonstrate in the case of the operator (4.7), is 5 as follows:

Suppose a € C, i.e. that (4.4) fails. Then, by (4.8), the operator L,(m,) is invertible, with

(4.9) [(Za(ma) "Ml < Clul ™

Now, given f € D(H,), try to define a function w on H; by putting

— ~

(110) wlg) = [ t(Lalm) " Fm)m(9) lul dn.
Since then w(m,) = [//;(71'“)_1]?(71'“), one finds that (Low)"(m,) = Z/L;(W“)w(w“) = f(ﬂ'u), hence
Low = f (at least on a formal level).

To make this argument rigorous, the main problem is that (4.10) will in general not converge,
because of the blow-up of estimate (4.9) as u — 0. This can be overcome as follows:

Define v as w by (4.10), only with I//;(T('u)_l replaced by 2mipu Z;(?TM)_I. Then v turns out
to be well-defined, and one finds that

(4.11) Lyov=Uf.

But, since U is locally solvable, given any ¢ € D, there is some f € D s.t. Uf = ¢ on the
support of p. But then
Lov=1¢ on supp ¢,

hence L, is locally solvable.
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4.3 Twisted convolution and the metaplectic group

For generic S € Sp(n,R), the operator Z\S(ﬂ'u) will no longer have a discrete spectrum, and the
approach described above breaks down.
What saves the day is the following

Lemma 4.2 For S1,S55 € sp(n,R), we have
[AS17AS2] = _2UA[S1,S2]'
Proof. Exercise.

Denote by f# the partial Fourier transform of f “along the center” of H,, i.e.
fH(z) = /Rf(z,u)e_%i““du, weR.
Moreover, for suitable functions or distributions ¢, on R?", define the pu-twisted convolution

of v and ¥ by

P b(e) = [ (e = (e gl

One easily verifies that, for suitable distributions f, fo on H,,

(fixfo)' = fI' xufy,
(4.12) (o = "

One also easily sees that L'(R?", +, x 4, %) is a (non-commutative) involutive Banach algebra,
and (4.12) shows that f — f* is a *-homomorphism of L!(H,,+,*,*) onto it (another way to
verifying these facts is by passage through the "reduced” Heisenberg group; compare [7]).

If = 1, we just speak of the twisted convolution, and write ¢ X 1 in place of @ x1 9.

Remark 4.3 Twisted convolution shares many features of ordinary convolution. For example,
one has Young’s inequality

o x 9l < llllLell¥]] L,

if 1/p+1/q =1+ 1/r. More surprising is the following fact (see [7]): If ¢,v € L?*(R?"), then
also ¢ x 1 € L*(R?"), and

o x 9llr2 < llll 211l 2
Now, if P € u(h,,), then from (4.12) we get

(PR = (f > PO = [ %, (PO,

where clearly (P6§)H is a distribution supported at 0 € R?". This shows that there exists a PDO
P* on R?*" such that

(4.13) (Pf)* =pPrfr.  feSR™).

For instance, by (1.5),

0 . 0 . .
(4.14) X]” = 8—:173 — 1T Y Yj” = a—yj +impxy, UM =2mip.

In particular, from Lemma 4.2, we get

(A%, A ] = —4min Alg, g
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Moreover, A‘SL is formally self-adjoint, hence the mapping

7

(4.15) S Al

ATy

is a representation of sp(n, R) by (formally) skew-adjoint operators on L?(R?").

Let us consider the case p = 1. In [11], R. Howe has proved for this case that the map (4.15)
can be exponentiated to a unitary representation of the metaplectic group M,(n,R), a two-fold
covering of the symplectic group. M,(n,R) can in fact be represented by twisted convolution
operators of the form f — f x v, where the «’s are suitable measures which, generically, are
multiples of purely imaginary Gaussians

(4.16) ea(z) = e T TAZ
with real, symmetric 2n x 2n matrices A. In particular, one has
(4.17) ¢85 f = f x5, teR

The measures ;s have been determined explicitly in [18]. To indicate how this can be
accomplished, let us argue on a completely formal basis:
If e4,ep are two Gaussians (4.16) such that det(A + B) # 0, one computes that

ea x ep = [det(A+ B)| " %es_a_ 1y a4B)-1(a10/2);

where a suitable determination of the root has to be chosen. Choosing A = %J Si, B=1J8,,

-2
with Sp, 52 € sp(n,R), and assuming that S; and Se commute, one finds that

e1ys, X €155, = 2"(det(S1 + 52)) 7% €1 15, 5015, 450)1)-

This reminds of the addition law for the hyperbolic cotangent, namely

cothz cothy + 1
cothz + cothy

coth(z +y) =

We are thus led to define, for non-singular 5,

1
(4.18) A(t) == §Jcoth(t5/2),
which is well-defined at least for |t| > 0 small.
Then
eA(ty) X €aty) = 2" (det(A(tr) + A(t2))) ™ €ty 1)
And, from

sinh(z + y)

th thy =
coth + cothy sinh z sinhy’

we obtain (ignoring again the determination of roots)

[det sinh((t; + 2)5/2)]Y/? [det(A(t1) + A(tz))]~1/?
= [det sinh(t,5/2)]"/? [det sinh(t2.5/2)] /2.

Together this shows that

(4.19) Y5 = 27"[det sinh(tS/2)] " %e 4
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forms a (local) 1-parameter group under twisted convolution, and it is not hard to check that
its infinitesimal generator is ﬁA}q.

Warning: Formula (4.18) only holds true for “generic” S € sp(n,R) and t € R.

If one defines the symplectic Fourier transform of f on R?" by

. 1

o— —Z7T<C,Z> — _
F(©): /]R F(2)e7 ™ dz = f(5J0),

A
one obtains a formula analogous to (4.19) for 7 s:

A
(4.20) Ve,5= [det cosh(t5/2)]_1/263(t),
where
(4.21) B(t) = %Jtanh(t5/2).

4.4 Solvability of L, if ¢(5) Cc C\ ({R) and a € R.
In this case, formulas (4.19), (4.20) do apply in the strict sense. Observing that (v g,¢) =

VAN VAN
272" (7, 5, ), they easily imply that there are a Schwartz norm || - ||s and a constant 3 # 0, s.t.

(4.22) (5,900 < [leolls-

cosh gt

For arbitrary p # 0, put

p s (p/22), p> 0,
(4.23) Vhg(2) ==
| ve,s (| /?2), <O,

Then one verifies (see [18]) that

(4.24) TS f = f X, A
Now, the idea to solve the equation

(4.25) L,F =(Asg+iaU)F = f

is as follows: By taking a partial Fourier transformation, (4.25) is equivalent to

i i i
AR — ) FF =t vy e RX.
(47w ST ) Tl V€

Formally, we then obtain F* by

F/J' e /OO e4?pAg_%t (qu) dt7
0 AT

hence

2T

Pleu) == [ [ e 8 sz dt e dp = [ o K (),

dmip

17



where K is the distribution, formally defined by

0o ay 2mipu
K(zu) = _/ /0 e Bhalls() dt o d
This suggests to define K by
_ o —u —1 2t 14
(4.26) oy == [ [ (bt S

Now from (4.22) one derives that there are constants N, M € N s.t.

(o) < OB s

This estimate implies that the distribution K, defined in the same way as K, only with du
replaced by (2miu)M*1dpu, is in fact well-defined. Moreover, we then have

Lo(f %K) =UMtf,
From here on, one can argue in a similar way as in §4.2 to show that L, is locally solvable.

Remark. The discussion of the remaining cases in Theorem 4.1 requires considerably more care
(see [19]).

5 Second order PDQO’s on H, with complex coefficients

The classification of locally solvable PDO’s on H,, of the form

2n
(5.1) L= Z a;rW;Wy, + lower order terms
3,k=1

with complex coefficients aj;, appears to be a challenging problem, which as of yet has only been
answered for a few classes of operators (see [6], [16], [17] and [12]). Let us briefly survey those
results.

We write the principal part of L again as Ag, however, now with S € sp(n,C), i.e. S =
S1 + Sz, with 57,52 € sp(n,R). The operators studied in [6], [16], [17] can be described as
follows:

Assume R?" decomposes into symplectic subspaces

(5.2) R =Vi®- -0V,

where each (V},w;), with w; := (, )|v;xv;, is a symplectic vector space, and where the V;’s are
pairwise orthogonal w.r. to (, ).

Moreover, assume that each Vj is S-invariant, i.e. that S;(V;) C Vj for i = 1,2. Recall that a
basis e1,...,€m, f1,...,fm of a symplectic vector space (V,w) is called canonical or symplectic,
if

w(ej,ex) = w(fj, fi) =0,  wlej, fr) = dji.
Then, choosing such a basis for each subspace V;, we assume that S can be written as a block
diagonal matrix

1S50)

725
(5.3) §= e ,

YrS(r)
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with v; € C* and
(5.4) Shy=—1, j=1,...,m

Observe that (5.3) generalizes the case (ii), formula (4.3), in Theorem 4.1, which appears to be
of particular interest, to the complex setting.

We may and shall assume that each of the symplectic subspaces Vj; in (5.2) is minimal in
the sense that it does not contain any proper S-invariant symplectic subspace.

Theorem 5.1 [17] If at least one of the minimal subspace V; has dimension > 2, then Ag+ P
is not locally solvable for all first order (not necessarily invariant) differential operators P with
smooth coefficients.

This result is proved by means of Hormander’s criterion Theorem 2.3: If we put again
S = —AJ, then it follows from (1.5) that the principal symbol of Ag is given by

(5.5) os((z,u), (¢, p) == = —mpJz) - A- (¢ — mptz).

And, a straight-forward computation yields (compare Lemma 4.2)

(5.6) {os, 095} = dmpog g VS, S’ € sp(n,C).

Thus, Hérmander’s criterion, applied to Ag + P, just reads as follows:
There is some ¢ € R?" such that

(H) 'CA1¢ = C4,¢ = 0 and 'CA3¢ # 0,

where

Al = Slj, A2 = SQJ and Ag = [Sl,SQ]J.

Open Problem. Classify all S = 57 + iS5 € sp(n, C) for which (H') applies.

In general, this seems to be a hard “semi-algebraic” problem. The proof of Theorem 5.1
makes use of a classification of normal forms of matrices S € sp(n, C) satisfying S? = —1I, with
respect to conjugation by real symplectic matrices T € Sp(n,R). Such a classification has been
given in [23]. There remains the

The case where all of the “blocks” ~;5(;) are of size 2 x 2

According to the classification of normal forms in [23], the S;) can then be assumed to be either
of the form

= ZEJ)\] )‘? -1 « »
(57) S(]) = ( 1 —’5'5]‘/\]‘ Type 1 5

with A; € {=1} U [0, 00[ and
L if |\ <1,
TTEL i A > 1,

or of the form

0 ) 79
(5.8) Sy = ( : (Z)) “Type 3”.
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The corresponding operators As(j) are given by

(5.9) Lye, = (1= X)X+ Y] —ig; (XY + Vi X)) “Type 17
and
(5.10) —i(XF - Y}?) “Type 3”.

The case n =1
Let us briefly discuss operators
(5.11) Ly:=(1-MX2+V? +iMXY +YX)

on Hy. We call Ly a generalized sub-Laplacian, if 0 < XA < 1, i.e. if ReL) is a sub-Laplacian. In
the case A =1, i.e.

(5.12) L =Y?+i(XY +YX),
we speak of a degenerate generalized sub-Laplacian. If A > 1, then ReL) is more of “hyperbolic
type”.

For H, local solvability of left-invariant operators (5.1) can be discussed in a complete way
([17]). To indicate the flavour of these results, let me highlight a few examples:

Example 1. If L) is a generalized sub-Laplacian, then L, 4 iU is l.s. if and only if
agC:={£(2k+1):keN}
This extends the result for sub-Laplacians.

Example 2. If L1 = Y?+i(XY +Y X) is a degenerate generalized sub-Laplacian, then L; +ial
is locally solvable if and only if

agCt:={(2k+1):keN}.
For instance, for « = —1 and « = 1, respectively, putting Z :=Y + 2iX, one has
Li—iU = YZ,
Li+iU = ZY.
Since Z is of “Lewy-type”, hence non-solvable, clearly L 44U cannot be solvable. The fact that

Y Z is locally solvable is more of a surprise (see[16]).

Example 3. If A > 1, then Ly + P is not locally solvable for every P € u(h;) of order 1.
This result cannot be obtained from Hérmander’s criterion, since this fails to apply for arbitrary
operators Ag on H; (Exercise). It is proved in [17] by means of a variant of Corollary 3.1, which
applies even to non-homogeneous operators.

The case n > 2

In this case, “most” of the operators Ag + P are locally non-solvable, as can be shown, with
some effort, by means of Hérmander’s criterion. The “exceptional” operators Ag, to which (H’)
does not apply, are listed in [17, §6.1]. There are five such exceptional classes, of which I want
to mention two here:
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(i) On H,,, n > 2, “positive combinations of generalized sub-Laplacians and of degenerate
generalized sub-Laplacians”, more precisely

AS_ny] — XN)XZ + Y7 +iN (XY + Y X)) Z Bi(X: —Y7),
j=m+1

where [A;| <1, v, € C*, 3; > 0, and where all of the quadratic forms
Re(y[(1 = ADEF + nf + 2iA;&imy))
are positive-semidefinite.
(ii) On Hy, for A > 1,

As = (1 - \)X?+ Y7 +iMX Y1 +Y1X))
+(1 = A X+ Y2 —id(XaYs + Y2 Xy)

ad (i). Observe that here the matrix A = S.J satisfies Re A > 0. Defining B(t) as in (4.21), one

then finds that Re(iB(—it)) is positive semidefinite for every ¢ > 0, so that %—it,s, defined by
(4.20), still remains a “good” Gaussian. As has been shown in [17], this can be used to treat these
operators by means of suitable modifications of the approach outlined in §4.4. In particular, one
finds that AgS + iaU is locally solvable for every o not contained in the exceptional set

E = {:I:Z’yj(Zk‘] —l—l) : k’l,...,k‘n c N},
j=1

provided m = n.
If ReA is positive definite, this result follows also from the general theory of ”transversally
elliptic” partial differential operators; see e.g. [10], [3].

Open Problem. Will Ag + iaU be locally solvable for generic a € C, if S € sp(n,C) and
Re(SJ) is positive semidefinite, but not definite?
One can show that Hérmander’s criterion fails in this case (Exercise).

ad(ii). As has been proved recently in [12], the operator Ag+ P is locally solvable for arbitrary
left-invariant lower order terms P.
In fact, the symplectic change of basis

X1 =Y - VX —1Xy, Y :=Yo+VA2-1X],
Xo:=Yo— VA —1X;, Yo:=Yi+VA2—1Xo,

transforms Ag into the operator

A A _
— 1+7)DE—7DE,
@ ( 2N _ 1 2N 1

where

D = Xl — ng, FE = }72 —l—z'f/l.

We may thus reduce ourselves to the study of operators in u(h,), whose leading terms are of the
form

La=)_aX;Y,
7.k
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where A = (a;i);x is a complex 2 x 2-matrix. Now,

—

2
, 0
Lg(my,) = 2mip E kg — O Tk
=1

is homogeneous of degree 0. The second important property of @)y is that 6/2\,\(#“) is elliptic
away from the origin, since its principal symbol is given by

—Amp (1 + 2\/%)(332 + ixl)(fl — ng) — 2\/%(%2 + img)(fl — ng) .

It has been proved in [12] that a left-invariant operator on Hy with leading term L 4 is locally
solvable, whenever f;(ﬂ'u) is elliptic away from 0 and det A # 0.

In higher dimensions, such an ellipticity property of the operators L4 can never hold, which
seems to explain why the exceptional operators of type (ii) only arize on H.

References

1]

2]

F. Battesti, Résolubilité globale d’opérateurs differentiels invariants sur certains groupes
de Lie, J. Funct. Anal. 77 (1988), 261-308.

R. Beals, P. C. Greiner, Calculus on Heisenberg manifolds, Annals of Math. Study, Prince-
ton Univ. Press 119, 1988.

L. Boutet de Monvel, A. Grigis, B. Helffer, Paramétrixes d’opérateurs pseudo-différentiels
a caractéristiques multiples, Astérisque 34—35 (1976), 93-121.

L. J. Corwin, F. P. Greenleaf, Representations of nilpotent Lie groups and their applica-
tions I, Cambridge Univ. Press 1990.

L. Corwin, L. P. Rothschild, Necessary conditions for local solvability of homogeneous
left invariant operators on nilpotent Lie groups, Acta Math. 147 (1981), 265-288.

F. De Mari, M. Peloso, F. Ricci, Analysis of second order differential operators with
complex coefficients on the Heisenberg group, J. Reine u. Angew. Math. 464 (1995),
67-96.

G. B. Folland, Harmonic Analysis in Phase Space, Annals of Math. Study, Princeton
Univ. Press 122 1989.

G. B. Folland, E. M. Stein, Estimates for the 9 complex and analysis on the Heisenberg
group, Comm. Pure Appl. Math. 27 (1974), 429-522.

L. Hérmander, Linear partial differential operators, Springer Grundlehren 116, 1976.

L. Hormander, A class of hypoelliptic pseudodifferential operators with double charac-
teristics, Math. Ann. 217 (1975), 165-188.

R. Howe, The oscillator semigroup, Proc. Symp. Pure Math. 48 (1988), 61-132.

G. Karadzhov, D. Miiller, Local solvability for a class of second order complex coefficient
differential operators on the Heisenberg group Hy, submitted .

22



[13] H. Lewy, An example of a smooth linear partial differential equation without solution,
Ann. of Math. 66 (1957), 155-158.

[14] D. Miiller, A new criterion for local non—solvability of homogeneous left invariant differ-
ential operators on nilpotent Lie groups, J. reine u. angew. Math. 416 (1991), 207-219.

[15] D. Miiller, Another example in the solvability theory of PDO’s with double characteristics,
Comm. in Part. Diff. Eq. 20 (1995), 2165 — 2186.

[16] D. Miiller, M. Peloso, F. Ricci, On the solvability of homogeneous left-invariant differen-
tial operators on the Heisenberg group, J. Funct. Anal. 148 (1997), 368-383.

[17] D. Miiller, M. Peloso, F. Ricci, On local solvability for complex coefficien differential
operators on the Heisenberg group, J. Reine u. Angew. Math. 513 (1999), 181-234.

[18] D. Miiller and F. Ricci, Analysis of second order differential operators on Heisenberg
groups I, Invent. Math. 101 (1990), 545-582.

[19] D. Miiller and F. Ricci, Analysis of second order differential operators on Heisenberg
groups 11, J. Funct. Anal. 108 (1992), 296— 346.

[20] D. Miiller and F. Ricci, Solvability for a class of doubly characteristic differential operators
on 2-step nilpotent groups, Ann. of Math. 143 (1996), 1-49.

[21] D. Miiller and F. Ricci, Solvability for a class of non-homogeneous differential operators
on two-step nilpotent groups, Math. Ann. 304 (1996), 517-547.

[22] D. Miiller and F. Ricci, Solvability of second order PDO’s on nilpotent groups — a survey
of recent results, The Journal of Geometric Analysis 3, (1993), 599 — 619.

[23] D. Miiller, C. Thiele, Normal forms of involutive complex Hamiltonian matrices under
the real symplectic group, J. Reine u. Angew. Math. 513 (1999), 97-114.

[24] M. Taylor, Noncommutative Harmonic Analysis, Math. Surveys and Monographs, AMS
22, 1986.

Mathematisches Seminar, C.A.-Universitat Kiel, Ludewig-Meyn-Str.4, D-24098 Kiel, Germany
e-mail: mueller@math.uni-kiel.de

23



