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@ 7:2-matrices
© 7(2-matrix arithmetic operations
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Model problem

Goal: Given an asymptotically smooth kernel function, solve
/ 9(x, y)u(y) dy = f(x) for all x € Q.
Q

Discretization leads to system Gu = b with a matrix G € R7*Z,

QIJZ/wa(X)/g(X,y)wj(y) dydx or
gi = 9(xi, y)) fori,j e T.

Problem: High accuracy requires large number of basis functions.

Idea: Approximate G by a matrix that can be represented efficiently.
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Uniform #H-matrix

Idea: Locally approximate kernel function, e.g., by interpolation

k kK
gij = X:,y/ ZZ (X)) 9(&r vy Eo ) £ ,,u(yj)'

for clusters 7,0 C Q, x; € 7 and yj€o.
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Uniform #H-matrix

Idea: Locally approximate kernel function, e.g., by interpolation

k k
i = 90, ;) (X0) 9(&rvs €ou) Lou(V)) -
if is Yj z_:z_: TI/ / T So,u) ~o,u\Yj
- - _VT iv =Sro,vp :Wo,ju

for clusters 7,0 C Q, x; € T and y; € 0.
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Uniform #-matrix

Idea: Locally approximate kernel function, e.g., by interpolation

glj X”-y/ ZZETV X/ ng/?gUIL) ,H(.yj)'

_Vr,/u =Sro,vp =Wo i

for clusters 7,0 C Q, x; € Tand y; € 0.
Block approximation by three-term factorization
G|’?><6 ~ VTSTO' W;

with7:={ic€Z : x;ert}andé:={je€Z : yjco}.
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Uniform #H-matrix

Idea: Locally approximate kernel function, e.g., by interpolation

k k
i = 90, ;) (X0) 9(&rvs €ou) Lou(V)) -
if is Yj z_:z_: TI/ / T So,u) ~o,u\Yj
- - _VT iv =Sro,vp :Wo,ju

for clusters 7,0 C Q, x; € Tand y; € 0.
Block approximation by three-term factorization
G|’? &= Vr S‘ra W*

with7:={ic€Z : x;ert}andé:={je€Z : yjco}.

Cluster bases: V., depends only on 7, W, only on o.

Coupling matrices S;, are k x k-matrices.
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Block tree

Problem: Since the kernel function is only locally smooth, split Q x Q
into subdomains 7 x ¢ admitting an approximation.

1D case: T x o admissible
if diam(7) < dist(7, o).
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Block tree

Problem: Since the kernel function is only locally smooth, split Q x Q
into subdomains 7 x ¢ admitting an approximation.

1D case: 7 x o admissible

if diam(7) < dist(7, o).

General case: Block structure can

be significantly more involved.

gns
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Block tree

Problem: Since the kernel function is only locally smooth, split Q x Q
into subdomains 7 x ¢ admitting an approximation.

1D case: 7 x o admissible
if diam(7) < dist(r, o).

General case: Block structure can
be significantly more involved.

Admissible blocks: Factorization

G‘?X& ~ VTSTO‘ W:
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Block tree

Problem: Since the kernel function is only locally smooth, split Q x Q
into subdomains 7 x ¢ admitting an approximation.

1D case: T x o admissible
if diam(7) < dist(7, o).

General case: Block structure can
be significantly more involved.

Admissible blocks: Factorization

G|7A'><6 ~ VTSTCT W:

Result: O(nk) storage for coupling matrices (S-,),
but O(nk log n) for cluster bases (V) and (W,).
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Cluster basis

Challenge: Cluster basis (V;)- requires storage ~ nk log n.
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Cluster basis

Challenge: Cluster basis (V;)- requires storage ~ nk log n.

Idea: Interpolation in 7’ € sons(7) reproduces Lt .

k
V‘r,iu = £T,V(Xi) = Z ﬁT/,M(Xi)ﬁT,V(éT/,M)

p=1
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Cluster basis

Challenge: Cluster basis (V;)- requires storage ~ nk log n.
Idea: Interpolation in 7’ € sons(7) reproduces Lt .

k
Voiv = £T,V(Xi) = Z ﬁT’,M(Xi) ﬁT,V(é‘T’,,UJ)

u=1 =e_s

:v‘r’,iu T/ uv
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Cluster basis

Challenge: Cluster basis (V;)- requires storage ~ nk log n.

Idea: Interpolation in 7’ € sons(7) reproduces Lt .

k
Vriv = ET,V(XI) = Z ﬁT’,/.L(Xi) ﬁT,V(é‘T’,/.L)
—1 —_—
= :v"'/JM :e‘l",l“’
Transfer matrices can be stored instead of V., :

— VT1 ET1 —
V. = <VT2ET2> ,  sons(7) = {7y, 2} =

Store V., only for leaves. ‘
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Cluster basis

Challenge: Cluster basis (V;)- requires storage ~ nk log n.
Idea: Interpolation in 7’ € sons(7) reproduces Lt .

k
Voiv = £T,V(Xi) = Z ﬁT’,,u(Xi) ﬁT,V(é‘T’,,UJ)

p=1 _ _
=Vrliu =€/ uv

Transfer matrices can be stored instead of V., :

VT ET || ]
V: = <VT;ET;> ) sons(7) = {71, 72} = = = =
EEEEEEEE

Store V., only for leaves. —————
Result: Storage ~ nk.
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H2-matrix
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Admissible blocks represented
by coupling matrices

G|7“'><6' ~ VTSTO' W;
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Admissible blocks represented
by coupling matrices

G|7“—><<A7 ~ V’T'STO' W:
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Admissible blocks represented
by coupling matrices

G|7“—><<A7 ~ V’T'STO' W;

Cluster bases represented
by transfer matrices

VT|‘?"><k = VT’ET’-
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Admissible blocks represented
by coupling matrices

G|7“—><<A7 ~ V’T'STO' W;

Cluster bases represented
by transfer matrices

VT|‘?"><k = VT’ET’-

Result: 42-matrix, storage O(nk).
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Admissible blocks represented
by coupling matrices

G|7“—><<A7 ~ VTSTO' W;

Cluster bases represented
by transfer matrices

VT|‘?"><k = VT’ET’-

Result: #2-matrix, storage O(nk).

H?-matrices are the algebraic counterparts of fast multipole
representations.

S. Borm (CAU Kiel) Rank-structured preconditioners SIAM CSE 2015, March 17th



Experiment: Unit sphere

Example: Dirichlet problem on the unit sphere, direct formulation.

SLP ——
0.0012 - DLP —3¢— 7
0.001
0.0008 |- A
0.0006 - X
H— —
0.0004 | — K A
S =
///’/—/
00002} +—mF—F+—F——+F
° L L L
1000 10000 100000 1e+06 1e+07

Time for setup:
Less than 1+2 hours for
more than 8 million triangles.
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Example: Dirichlet problem on the unit sphere, direct formulation.
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0.0008 |
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0.0004 |

0.0002 |

Time for setup:
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more than 8 million triangles.
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Experiment: Unit sphere

Example: Dirichlet problem on the unit sphere, direct formulation.

SLP ——
0.0012 |- S =
Cholesky —¥—
Qe P 0.015 [ 4

0.0008 |
0.0006 |
0.0004 |

0.005
0.0002 |

0 L L L 0 L L L
1000 10000 100000 1e+06 1e+07 1000 10000 100000 1e+06 1e+07

Time for setup: Storage for matrices:

Less than 1+2 hours for Less than 55+128 GB for
more than 8 million triangles. more than 8 million triangles.
‘H-Cholesky preconditioner: ‘H-Cholesky preconditioner:
More than 2 hours. More than 41 GB.
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Overview

© 7(2-matrix arithmetic operations
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LR factorization

Goal: Given an #2-matrix G, compute its LR factorization G = LR.

Approach: If G is inadmissible, compute G = LR directly.
Otherwise, use submatrices

(GH G12>:<L11 )(Rn /:1'12)
Gg1 622 L21 L22 R22
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LR factorization

Goal: Given an #2-matrix G, compute its LR factorization G = LR.

Approach: If G is inadmissible, compute G = LR directly.
Otherwise, use submatrices

(GH G12> _ <L11 ) <R11 F!'12>
G2 G2 Loy Lo Ro2
This is equivalent to

Gi1 = L11R1,
Gi2 = L11R2, Gzt = L21 R4,
G2z — Lo1Ri2 = Lp2Reo.

If we can compute Z + Z + aXY, we can find the LR factorization.
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Multiplication

Goal: Perform update Z|:x; < Z|2x5 + aXl|zxs Y]|sxp efficiently.

Idea: If (7,0) and (o, p) are subdivided, treat them by recursion.

S. Borm (CAU Kiel) Rank-structured preconditioners SIAM CSE 2015, March 17th



Multiplication

Goal: Perform update Z|:x; < Z|2x5 + aXl|zxs Y]|sxp efficiently.

Idea: If (7,0) and (o, p) are subdivided, treat them by recursion.

S. Borm (CAU Kiel) Rank-structured preconditioners SIAM CSE 2015, March 17th



Multiplication

Goal: Perform update Z|:x; < Z|2x5 + aXl|zxs Y]|sxp efficiently.

Idea: If (7,0) and (o, p) are subdivided, treat them by recursion.

o Z‘?1></31 — Z|7°1></31 + O‘X|?1><51 Y‘?71><ﬁ1 + aX|7°1><52 Y|52><ﬁ1
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Multiplication

Goal: Perform update Z|:x; < Z|2x5 + aXl|zxs Y]|sxp efficiently.

Idea: If (7,0) and (o, p) are subdivided, treat them by recursion.
° Z‘?1></31 — Z|7°1 xpy T O‘X|?1><51 Y‘?71><ﬁ1 + aX|7°1><52 Y|52><ﬁ1
° Z‘?1><ﬁ2 — Z|5 xpp T aX|z xay Y‘51></32 + aXl3 xs, Y’&ZXﬁE
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Multiplication

Goal: Perform update Z|:x; < Z|2x5 + aXl|zxs Y]|sxp efficiently.

Idea: If (7,0) and (o, p) are subdivided, treat them by recursion.
° Z"ﬂ X Pq <~ Z|7A‘1 X p1 + OéX|"I\‘1 X &1 Y‘5’1 X p1 + aX|7'=1 X892 Y|6‘2><ﬁ1
° Z‘?1><ﬁ2 — Z|5 xpp T aX|z xay Y‘&1></32 + aXl3 xs, Y’&ZXﬁE
° Z‘f'2><ﬁ1 = Z|7”'2><ﬁ1 + O‘X|‘?2><51 Y‘51><ﬁ1 + O‘X‘f'zxaz Y’52><ﬁ1
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Multiplication

Goal: Perform update Z|:x; < Z|2x5 + aXl|zxs Y]|sxp efficiently.

Idea: If (7,0) and (o, p) are subdivided, treat them by recursion.
° Z‘?1><ﬁ1 — Z|7°1 xpy T O‘X|?1><51 Y‘?71><ﬁ1 + aX|7°1><52 Y|52><ﬁ1
° Z‘?1><ﬁ2 — Z|5 xpp T aX|z xay Y‘&1></32 + aXl3 xs, Y’&ZXﬁE
° Z‘f'2><ﬁ1 — Z|7”'2><ﬁ1 + O‘X|‘?2><51 Y‘51><ﬁ1 + O‘X‘f'zxaz Y’52><ﬁ1
° Z‘f'2><ﬁ2 = Z|7°2><ﬁ2 + O‘X"?2><&1 Y‘&1></32 + O‘X‘f'zX&z Y’32Xﬁ2
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Multiplication

Goal: Perform update Z|:x; < Z|2x5 + aXl|zxs Y]|sxp efficiently.

Idea: If (7,0) and (o, p) are subdivided, treat them by recursion.
° Z‘?1><ﬁ1 — Z|7°1></31 + O‘X|‘?1><51 Y‘&1><;31 + aX|7“’1><?72 Y|52><ﬁ1
° Z‘ﬁ Xﬁg — Z|7A'1 Xﬁg + OéX|§‘-1 ><5‘1 Y‘6'1 Xﬁg + ax‘ﬁ ><6'2 Y’a‘gxﬁg
° Z‘f'2><ﬁ1 — Z|7”'2><ﬁ1 + O‘X|‘?2><&1 Y‘51><ﬁ1 + O‘X‘f'zX&z Y’52><ﬁ1
° Z‘f'zxﬁz — Z|7“'2><l32 + O‘X"?2><&1 Y‘51></32 + O‘X‘f'zX&z Y’32><ﬁ2
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Multiplication with a leaf block

Important case: What happens if one of the factors is not subdivided?
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Multiplication with a leaf block

Important case: What happens if one of the factors is not subdivided?

Example: Let (o, p) be an admissible block of Y.

Xltxs Yoxp = Xlzxs (Vo SopWy)
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Multiplication with a leaf block

Important case: What happens if one of the factors is not subdivided?

Example: Let (o, p) be an admissible block of Y.

Xlixs Yloxp = Xlzxe(VoSsp W) = (X|2xs Vo Sop) W,
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Multiplication with a leaf block

Important case: What happens if one of the factors is not subdivided?

Example: Let (o, p) be an admissible block of Y.

Xlixs Yloxp = Xlzxs(VoSsp W) = (X|pxe Vo Sop) W, = A, WS
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Multiplication with a leaf block

Important case: What happens if one of the factors is not subdivided?

Example: Let (o, p) be an admissible block of Y.

Xlixs Yloxp = Xlzxs(VoSsp W) = (X|pxe Vo Sop) W, = A, WS
Idea: A,, can be computed by fast matrix-vector multiplications.
We “only” need an efficient algorithm for low-rank updates

Z|7A-><,3 — Z|7“—><,5+OLATPW;.
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Multiplication with a leaf block

Important case: What happens if one of the factors is not subdivided?

Example: Let (o, p) be an admissible block of Y.

X|7A'><&Y|6><ﬁ :X|7“'><6(VasapW;) (X|T><0'V Sop) ATpW*
Idea: A,, can be computed by fast matrix-vector multiplications.
We “only” need an efficient algorithm for low-rank updates

Z|7A-><ﬁ — Z|7A-></3 + OzATpW;.

General case: If (7,0) or (o, p) are leaves, the product X|:sY|sx5 is
always a low-rank matrix in factorized representation.
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Low-rank update

Goal: Approximate Z + AB*.
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Low-rank update

Goal: Approximate Z + AB*.

|dea: Result Z + AB* is an H?-matrix: for admissible (7, ) we have
(Z + AB")|#xo = Vi Sro W + Al xkBl3 ik

STO' *
= (VT A|7”-><k) < /) (Wa B’&Xk)
N—_— —— ~—_—

7~ N ~ =
=:V: =:W;

::gro'
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Low-rank update

Goal: Approximate Z + AB*.

|dea: Result Z + AB* is an H?-matrix: for admissible (7, ) we have
(Z + AB")|#xo = Vi Sro W + Al xkBl3 ik

STO' *
= (Ve Alok) ( ,) Wy Blo)
—_—— —_————

::V.,- 3 W

*
o

Challenge: Each update increases storage requirements, although
actual numerical rank may be low. — Recompression required.
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Recompression

Goal: Given an #2-matrix with unnecessarily high rank, construct a
more efficient approximation.

Row basis: Find orthogonal (Q;), such that

Q,QGlrxo = Glrxo for all admissible (7, o).

S. Bérm (CAU Kiel)
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Recompression

Goal: Given an #2-matrix with unnecessarily high rank, construct a
more efficient approximation.

Row basis: Find orthogonal (Q;), such that
Q-Q;Clrxo ~ Glrxo for all admissible (7, o).
Idea: Due to G|, = VS, W}, it suffices to ensure
QQV.Z: ~ V.2,

where Z. is a small weight matrix. — Solve by SVD or RRQR.
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Recompression

Goal: Given an #2-matrix with unnecessarily high rank, construct a
more efficient approximation.

Row basis: Find orthogonal (Q;), such that
Q- Q7 Glrxo = Glrxo for all admissible (r, o).
Idea: Due to G|, = VS, W}, it suffices to ensure
QQV.Z: ~ V.2,
where Z. is a small weight matrix. — Solve by SVD or RRQR.
Result: Cluster bases can be constructed in O(nk?) operations,

using O(nk) units of auxiliary storage, e.g., for (Z;);.
Conversion of H?-matrix to new bases takes O(nk?) operations.
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Local low-rank update

Goal: Approximate local update Z|;ys + AB*.
Jr,,
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Local low-rank update

Goal: Approximate local update Z|;ys + AB*.
Jr,,

Cluster bases: Changes affect
entire block rows and columns.
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Local low-rank update

Goal: Approximate local update Z|;ys + AB*.
Jr,,

Cluster bases: Changes affect
entire block rows and columns.

Solution: Use transfer matrices to
S limit the effect.
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Local low-rank update

Goal: Approximate local update Z|;ys + AB*.
Jr,,

Cluster bases: Changes affect
entire block rows and columns.

Solution: Use transfer matrices to
S limit the effect.

Result: Only O(K?(#7 + #6))
operations required.

Multiplication and factorization
in O(nk?log n) operations.
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Experiment: Unit sphere

Example: Dirichlet problem on the unit sphere, direct formulation.

—————
At
—

e

Time for setup:
Less than 6+15 hours for
more than 2 million triangles.
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Experiment: Unit sphere

Example: Dirichlet problem on the unit sphere, direct formulation.

Time for setup:
Less than 6+15 hours for
more than 2 million triangles.

#H?2-Cholesky preconditioner:
Less than 11 hours.
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Experiment: Unit sphere

Example: Dirichlet problem on the unit sphere, direct formulation.

0 L L L
1000 10000 100000 1e+06 1e+07

Time for setup:
Less than 6+15 hours for
more than 2 million triangles.

#H?2-Cholesky preconditioner:
Less than 11 hours.

S. Bérm (CAU Kiel)
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0.018

SLP ——

L DLP —3%—
0016 Cholesky —¥—

0.014 |
0.012 |
x
001} - %
0.008 - — /
/ y
0.006 |- s X
— %
0004 |

0.002

Storage for matrices:

Less than 28+23 GB for
more than 2 million triangles.
#H?2-Cholesky preconditioner:
Less than 11 GB.
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Experiment: Crank shaft

Example: Dirichlet problem on the NetGen
“crank shaft” geometry, direct formulation.

SLP ——
DLP —%—
Cholesky —%—

100000

1e+06
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Experiment: Crank shaft

Example: Dirichlet problem on the NetGen
“crank shaft” geometry, direct formulation.

SLp —+—
DLP —<—
Cholesky —¥— 0.035 -

100000

0
1e+06 1000

1e+06
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Experiment: Crank shaft

Example: Dirichlet problem on the NetGen
“crank shaft” geometry, direct formulation.

SLP ——
DLP —<—
Cholesky —%—

0
1000

10000 100000 1e+06

0.005 -

SLP ——
DLP —x—
Cholesky —%— |

0
1000

L L
10000 100000 1e+06

Due to very high quadrature orders, the cost of constructing the
H?2-Cholesky preconditioner is almost negligible.
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H?-matrices:
@ Admissible blocks in factorized form G|

X6 —
@ Cluster bases in nested form V, = <V1ET1)'
@ Storage requirements O(nk).

Arithmetic operations:
@ Factorization expressed by multiplications
@ Multiplications expressed by low-rank updates
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@ Local low-rank update to Gl;xs in O(K?(#7 + #6)).
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H?-matrices:
@ Admissible blocks in factorized form G|

X6 —
@ Cluster bases in nested form V, = <V1ET1)'
@ Storage requirements O(nk).

Arithmetic operations:
@ Factorization expressed by multiplications
@ Multiplications expressed by low-rank updates, O(nk? log n).
@ Local low-rank update to Gl;xs in O(K?(#7 + #6)).

S. Borm (CAU Kiel) Rank-structured preconditioners SIAM CSE 2015, March 17th



H2-matrices:
@ Admissible blocks in factorized form G|;«s = V.S, W.

@ Cluster bases in nested form V, = (5 g )

@ Storage requirements O(nk).

Arithmetic operations:
@ Factorization expressed by multiplications, O(nk? log n).
@ Multiplications expressed by low-rank updates, O(nk? log n).
@ Local low-rank update to Gl;xs in O(K?(#7 + #6)).
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Resources

References
@ W. Hackbusch, B. N. Khoromskij, S. A. Sauter:
On #2-matrices (2000)
@ S. B., W. Hackbusch:
Data-sparse approximation by adaptive #2-matrices (2002)
e S.B.:
Efficient numerical methods for non-local operators (2010)
@ S. B., K. Reimer:
Efficient arithmetic operations for rank-structured matrices based
on hierarchical low-rank updates (2015)
@ S. B, S. Christophersen:
Approximation of integral operators by Green quadrature and
nested cross approximation, arXiv preprint (2015)

Software -
@ H2Lib, open source, available at GitHub h_‘
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http://dx.doi.org/10.1007/s00607-002-1450-4
http://dx.doi.org/10.4171/091
http://dx.doi.org/10.1007/s00791-015-0233-3
http://dx.doi.org/10.1007/s00791-015-0233-3
http://arxiv.org/abs/1404.2234
http://arxiv.org/abs/1404.2234
http://www.h2lib.org
https://github.com/H2Lib/H2Lib
http://www.h2lib.org
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