GALOIS ACTIONS AND BLOCKS OF TAME INFINITESIMAL GROUP
SCHEMES
ROLF FARNSTEINER AND ANDRZEJ SKOWROŃSKI
Abstract. Given an infinitesimal group G, that is defined over an algebraically closed field of
characteristic p ≥ 3, we determine the block structure of the algebra of measures H(G) in case its
principal block B0 (G) is tame and the height of the factor group G/M(G) of G by its multiplicative
center M(G) is at least two. Our results yield a complete description of the stable Auslander-Reiten
quiver of H(G) along with a criterion for the domesticity of H(G).

1. Introduction
One central question in the modern representation theory of algebras is the determination of
the representation type. By Drozd’s fundamental result (see [7], [10]) finite dimensional algebras
over an algebraically closed field k may be subdivided into three disjoint classes. For the class of
representation-finite algebras, which have only finitely many isoclasses of indecomposable modules,
the representation theory is well understood. The second class, called tame algebras, consists of
representation-infinite algebras for which the indecomposable modules occur in each dimension in
a finite number of discrete and a finite number of one-parameter families. The third class is formed
by the wild algebras, whose representation theory comprises the representation theories of all finite
dimensional algebras over k. Accordingly, a classification of the indecomposable finite dimensional
modules is feasible only for representation-finite and tame algebras.
In continuation of [17] and [18] we investigate in this paper the representation theory of infinitesimal groups with tame principal blocks. Given such a group scheme G, our object of study is the
associated cocommutative Hopf algebra H(G) (i.e., the algebra of measures on G) and its principal
block B0 (G). The results of [17] reveal major differences between this case and the well-understood
module theory of finite groups: The absence of a suitable analogue for defect groups manifests
itself in the somewhat surprising fact that an infinitesimal group with tame principal block may
also possess some wild blocks. A precise criterion for the presence of this phenomenon was provided
in [17] for infinitesimal groups of height ≤ 1, and it is one objective of our present work to examine
the situation for groups of height ≥ 2.
Our extension of results on restricted Lie algebras to infinitesimal group schemes rests on an
equivariant (or graded) version of the techniques employed in [17]. The relevant results concerning
graded modules of reduced enveloping algebras are recorded in Section 2. The next section shows
how Galois extensions in the sense of [2] naturally appear in the context of infinitesimal group
schemes. In fact, as we demonstrate in Theorem 3.7, the Hopf algebra extensions H(G) : H(N )
relevant for our purposes admit a free action by their Galois group, rendering the canonical restriction functor a Galois covering of module categories. In Section 4 we examine the block structures of
the distribution algebras with tame principal blocks. The aforementioned Galois extensions afford
a good control of the passage from G to a certain subgroup N that, in terms of its block theory, is
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closely related to the first Frobenius kernel G1 . As a result, the occurrence of wild blocks turns out
to be essentially a phenomenon of groups of height 1 - in all other cases the principal block is the
most complicated block of the Hopf algebra H(G). In particular, we prove
Theorem. Let G be an infinitesimal group of characteristic p ≥ 3 such that the principal block of
its Hopf algebra H(G) is tame. Suppose that the height of the factor group of G by its multiplicative
center M(G) satisfies ht(G/M(G)) ≥ 2, and let B ⊂ H(G) be a block.
(1) If B possesses a simple module of dimension 6= p, then B is representation-infinite and
special biserial.
(2) If B affords a simple module of dimension p, then B is a Nakayama algebra.
In fact, in either case the basic algebras are given explicitly in terms of generators and relations,
the structure of the group G/M(G) is determined (see Theorems 4.3 and 4.5), and the number of
blocks of each type is provided (see Corollary 4.4). Representation-infinite special biserial algebras
form a distinguished class of tame algebras [43]. Important examples of such algebras are provided
by blocks of group algebras with dihedral defect groups [11], as well as the algebras appearing in
the Gel’fand-Ponomarev classification of the singular Harish-Chandra modules over the Lorentz
group [25].
In the last three sections we turn to topics related to Auslander-Reiten theory. Using results on
special biserial algebras [12], we obtain the classification of the connected components of the stable
Auslander-Reiten quiver of G for the case covered by the above result. In this context, the number
r := ht(G/M(G)) turns out to be related to the rank ℓ of the exceptional tubes via ℓ = pr−1 .
Proposition 5.2 identifies pr−1 as the upper bound of such ranks for any infinitesimal group with
symmetric Hopf algebra.
Section 6 provides an easy criterion for H(G) to belong to the particularly tractable class of
domestic algebras, which, in the classical setting of finite groups, are just the algebras whose
Sylow-2-subgroups are Klein four groups. In our context, the representation-infinite blocks of such
algebras are Morita equivalent to trivial extensions of radical square zero hereditary algebras of
type Ã and thus are 2-parametric.
The final section applies Auslander-Reiten theory to identify the infinitesimal groups of finite
Krull-Gabriel dimension.
Our arguments will heavily draw from [18], whose most frequently used results we record for the
reader’s convenience. Given n ≥ 0 and r ≥ 1, we denote by Wn and Q[r] := SL(2)1 Tr the group
of Witt vectors of length n and the product of the first Frobenius kernel of SL(2) with the r-th
Frobenius kernel of its standard maximal torus T , respectively. The following result shows that the
groups of interest are central extensions of the groups Q[r] .
Theorem 1.1 ([18](3.5)). Let G be an infinitesimal group of characteristic ≥ 3 such that B0 (G) is
tame. Then there exist r ≥ 1 and n ≥ 0 such that G/Cent(G) ∼
= Q[r] and Cent(G) ∼
= M(G)× (Wn )1 .
2
Here M(G) refers to the diagonalizable (multiplicative) part of the abelian group scheme Cent(G).
While the first Frobenius kernel G1 of an infinitesimal group G (or equivalently its Lie algebra
Lie(G)) usually does not determine the structure of G, it does capture essential structural features
in the tame case. Note that preservation of tameness under passage to Frobenius kernels, stated
in the following result, is not the consequence of a general descent argument, as subgroups of tame
infinitesimal groups may very well be wild (cf. [17, §6]).
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Theorem 1.2 ([18](5.3)). Let G be an infinitesimal group of characteristic ≥ 3. Then the following
statements are equivalent:
(1) The principal block B0 (G) is tame.
(2) B0 (G1 ) is tame and G/G1 is multiplicative.
2

2. Graded Modules of Reduced Enveloping Algebras
Throughout this paper, k denotes an algebraically closed field of characteristic p > 0. Unless
mentioned otherwise, all algebras and modules are assumed to be finite dimensional. Given an
associative k-algebra Λ, we denote by mod Λ the category of (finite dimensional) left Λ-modules. If
Λ is graded relative to an abelian group A, we let mod Λgr be the category of A-graded Λ-modules
and degree zero homomorphisms.
We shall be interested in the case, where Λ is a reduced enveloping algebra of a restricted
Lie algebra, or a certain factor algebra thereof. We briefly introduce this family of Frobenius
algebras and refer the interested reader to [41] for further details on restricted Lie algebras and
their enveloping algebras.
Let (g, [p]) be a restricted Lie algebra over k with universal enveloping algebra U (g). For a linear
form χ ∈ g∗ , we let
Uχ (g) := U (g)/({xp − x[p] − χ(x)p 1 ; x ∈ g})
be the χ-reduced enveloping algebra of g. For arbitrary χ ∈ g∗ the algebra Uχ (g) is a Frobenius
algebra of dimension pdimk g, while the restricted enveloping algebra U0 (g) inherits the structure of a
(cocommutative) Hopf algebra from U (g). As such it is isomorphic to the algebra of distributions of
an infinitesimal group scheme of height 1 (cf. [9, (II,§7,4.2)]). We denote by mod(g, χ) the category
of Uχ (g)-modules. The Uχ (g)-modules are often also referred to as g-modules with p-character χ.
Let T be an algebraic k-group scheme. In case T is reduced we shall use the equivalence T 7→ T (k)
and identify T -modules with rational T (k)-modules. Suppose that T acts on a restricted Lie
algebra (g, [p]) via automorphisms of restricted Lie algebras, and let χ ∈ (g∗ )T be an invariant
relative to the contragredient action. By definition of Uχ (g), there is a unique action of T on Uχ (g)
by automorphisms extending the operation of T on g.
The following notion is closely related to Jantzen’s un -T -modules (see [28, (2.1)]).
Definition. Let (g, [p]) be a restricted Lie algebra, T an algebraic group that operates on (g, [p])
via automorphisms, and χ ∈ (g∗ )T a linear form. A k-vector space M is called a (Uχ (g), T )-module
if
(a) M is a Uχ (g)-module and a T -module, and
(b) t(um) = (t.u)tm for all t ∈ T , u ∈ Uχ (g), and m ∈ M .
Strictly speaking, the identity in part (b) above should hold for any commutative k-algebra R and
elements t ∈ T (R), u ∈ Uχ (g) ⊗k R, and m ∈ M ⊗k R. We will often suppress algebras when
k-spaces are interpreted as affine schemes.
We let Dist(T ) be the algebra of distributions on T (cf. [29, (I.7.7)]). If T = Speck (O(T ))
is an infinitesimal group scheme with function algebra O(T ), then Dist(T ) coincides with the
Hopf algebra H(T ) := O(T )∗ , the so-called algebra of measures on T . Since the multiplication
Uχ (g)⊗k Uχ (g) −→ Uχ (g) and the embedding k ֒→ Uχ (g) defined by the unity are homomorphisms of
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T -modules, they are also Dist(T )-linear (cf. [29, (I.7.11)]). In other words, letting ε : Dist(T ) −→ k
denote the co-unit of the Hopf algebra Dist(T ), we have
X
h.(uv) =
(h(1) .u)(h(2) .v) and h.1 = ε(h)1
for every h ∈ Dist(T ), u, v ∈ Uχ (g),
(h)

rendering Uχ (g) a Dist(T )-module algebra. Accordingly, we consider the smash product
Uχ (g)♯Dist(T ),
whose underlying k-space is the tensor product of the two defining algebras and whose product is
given by
X
(u♯h)(v♯h′ ) =
u(h(1) .v)♯h(2) h′
∀ u, v ∈ Uχ (g), h, h′ ∈ Dist(T ).
(h)

We refer to [32, Chap. 4] for further properties of smash products.
Each (Uχ (g), T )-module naturally has the structure of a (Uχ (g)♯Dist(T ))-module. Moreover, if
T is an infinitesimal group scheme, then mod Uχ (g)♯Dist(T ) is precisely the category of (Uχ (g), T )modules.
Given an algebraic group scheme G, we denote by X(G) := Hom(G, µk ) the character group of
G. If G is reduced, then X(G) ∼
= Hom(G(k), k× ). For finite algebraic groups X(G) is isomorphic
to the group of algebra homomorphisms H(G) −→ k from the algebra of measures H(G) to k (see
also Section 3). If (g, [p]) is a restricted Lie algebra, then we define X(g) to be the group of algebra
homomorphisms U0 (g) −→ k. This group corresponds to the set of those linear forms f ∈ g∗ that
annihilate the subspace [g, g] and satisfy f (x[p]) = f (x)p for all x ∈ g.
Let T be an algebraic k-group scheme. We say that T is multiplicative or diagonalizable if its
function algebra O(T ) coincides with the group algebra k[X(T )] of the finitely generated abelian
group X(T ) (see [29, (I.2.5)]). Such a group scheme is called a torus if X(T ) is free, so that tori
are reduced group schemes.
Now let T be a multiplicative group, acting on a restricted Lie algebra (g, [p]) via automorphisms.
Then the weight space decomposition (cf. [29, (I.2.11)])
M
g=
gλ
λ∈X(T )

endows g with the structure of a X(T )-graded restricted Lie algebra. In particular, we have
[p]
gλ ⊂ gpλ for every element λ ∈ X(T ). The universal enveloping algebra inherits this gradation
P
from g, and if χ ∈ (g∗ )T is a T -invariant linear form, then χ annihilates λ6=0 gλ , so that U (g){xp −
x[p] −χ(x)p 1 ; x ∈ g} is a homogeneous ideal of U (g). Accordingly, Uχ (g) inherits the X(T )-grading
from g, and this grading is induced by the action of T on Uχ (g). We shall denote by mod(g, χ)gr the
category of X(T )-graded g-modules with p-character χ. As was noted in [30, (2.3)] the category of
(Uχ (g), T )-modules coincides with mod(g, χ)gr in case T is a torus.
Lemma 2.1. Let T be a torus acting on a restricted Lie algebra (g, [p]) via automorphisms and
suppose that χ ∈ (g∗ )T is a T -invariant linear form. Then the following statements hold:
(1) Every principal indecomposable Uχ (g)-module has the structure of a (Uχ (g), T )-module.
(2) Every simple Uχ (g)-module has the structure of a (Uχ (g), T )-module.
(3) The category mod(g, χ, T ) of (Uχ (g), T )-modules has enough projectives.
Proof. (1),(2) As noted before, the action of T on g and Uχ (g) induces gradings relative to the
finitely generated free abelian group X(T ). Let M be a principal indecomposable or simple Uχ (g)module. Thanks to [26, (3.5)] (see also [30, (1.4)]) the module M is X(T )-gradable. As observed in
[30, (2.3)], this gradation corresponds to a T -action on M , which renders M a (Uχ (g), T )-module.
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(3) Let M be a X(T )-graded Uχ (g)-module. Thanks to [30, (1.5)] the tops of M in mod(g, χ) and
mod(g, χ)gr coincide. In view of [30, (1.6)] the semisimple module Top(M ) possesses a projective
ϕ
cover P −→ Top(M ) in mod(g, χ)gr , whose image under the forgetful functor mod(g, χ)gr −→
mod(g, χ) is a projective cover in mod(g, χ). Letting π : M −→ Top(M ) be the canonical projection,
there exists a surjective homomorphism ψ : P −→ M of Uχ (g)-modules such that π ◦ ψ = ϕ. Since
ϕ and π are homogeneous maps of degree zero, decomposing ψ into its homogeneous parts yields
ϕ = π ◦ ψ0 , whence M = ψ0 (M ) + Rad(M ). Accordingly, ψ0 is the desired surjection.

In the sequel we shall focus our attention on certain central extensions of restricted Lie algebras
that naturally arise in the context of tame infinitesimal groups (cf. [17]). Let (g, [p]) and (a, [p])
be restricted Lie algebras, and assume a to be abelian. Given a p-semilinear map ψ : g −→ a, we
denote by gψ the central extension of g by a, whose underlying k-space is g ⊕ a, and whose bracket
and p-map are defined by
[(x, a), (y, b)] = ([x, y], 0)

and (x, a)[p] = (x[p] , ψ(x) + a[p] )

∀ x, y ∈ g, a, b ∈ a,

respectively. Thus, the canonical embedding g ֒→ gψ is a homomorphism of ordinary Lie algebras,
yet usually not one of restricted Lie algebras. Our next result provides a T -equivariant version of
[17, (8.2)].
Lemma 2.2. Let T be an algebraic group, acting on g via automorphisms. Suppose that ψ : g −→ a
is a p-semilinear map into an abelian restricted Lie algebra a such that ψ(t.x) = ψ(x) ∀ x ∈ g, t ∈ T .
Then the following statements hold:
(1) Setting t.(x, a) := (t.x, a) for t ∈ T , x ∈ g and a ∈ a, we obtain an action of T on gψ via
automorphisms.
(2) Let γ ∈ X(a) be a character, and define χγ ∈ g∗ via χγ (x)p = (γ◦ψ)(x) for every x ∈ g. Then
the T -actions on g and gψ uniquely extend to actions on Uχγ (g) and U0 (gψ )/({a − γ(a)1 ; a ∈ a}),
respectively.
(3) The canonical map g ֒→ gψ of ordinary Lie algebras defines a T -equivariant isomorphism
∼

Uχγ (g) −→ U0 (gψ )/({a − γ(a)1 ; a ∈ a})
of k-algebras.
Proof. (1) Given t ∈ T , we only have to check that the action of t ∈ T on gψ commutes with the
p-mapping. For x ∈ g and a ∈ a we have
(t.(x, a))[p] = (t.x, a)[p] = ((t.x)[p] , ψ(t.x) + a[p] ) = (t.x[p] , ψ(x) + a[p] )
= t.(x[p] , ψ(x) + a[p] ) = t.(x, a)[p] ,
as desired.
(2) As noted earlier, the action of T on gψ uniquely extends to an operation of T on U0 (gψ )
by automorphisms. Note that T fixes the generating set {a − γ(a)1 ; a ∈ a}. Accordingly,
the ideal generated by this set is T -stable, and the action of T on U0 (gψ ) factors through to
Λγ := U0 (gψ )/({a − γ(a)1 ; a ∈ a}).
To verify the corresponding fact for Uχγ (g), we observe that χγ (t.x) = χγ (x) for every t ∈ T and
x ∈ g.
(3) By definition of the T -action on gψ , the canonical map ι : g −→ gψ ; x 7→ (x, 0) is T equivariant. The same applies to the canonical homomorphism gψ −→ Λγ . Thus, the composite ω
also enjoys this property. Thanks to [17, (8.2)] the unique homomorphism
Ω : Uχγ (g) −→ Λγ
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satisfying Ω|g = ω is in fact an isomorphism. In view of ω being T -equivariant, the algebra Uχγ (g)
being generated by g, and T acting on Uχγ (g) and Λγ via automorphisms, the homomorphism Ω
is also T -equivariant.

Let ψ : g −→ a be a p-semilinear map between restricted Lie algebras, and suppose a to be abelian.
Given γ ∈ X(a), we denote by mod(gψ , 0, γ) the full subcategory of mod(gψ , 0) consisting of those
U0 (gψ )-modules M satisfying a.m = γ(a)m for all a ∈ a. Since a is contained in the center of gψ ,
every simple U0 (gψ )-module belongs to mod(gψ , 0, γ) for a suitable γ ∈ X(a). The third part of the
foregoing result implies in particular that the canonical restriction functor induces an equivalence
mod(gψ , 0, γ) −→ mod(g, χγ ) ; M 7→ M |g
of categories. We are now going to investigate this equivalence more closely in the case where T is
a multiplicative group.
Let T be an algebraic group acting on (g, [p]) via automorphisms, and suppose that χ ∈ (g∗ )T
is a T -invariant linear form. We denote by mod(g, χ, T ) the category of (Uχ (g), T )-modules. If
M and N belong to mod(g, χ, T ), then HomUχ (g) (M, N ) ⊂ Homk (M, N ) is readily seen to be a
T -submodule. Moreover, for each N ∈ mod(g, χ, T ) and every t ∈ T (k) the multiplication by t
induces an auto-equivalence of the functor
HomUχ (g) (−, N ) : mod(g, χ, T ) −→ mod k.
The general theory of effacable functors guarantees the existence of a unique extension of this action
to the right derived functors. For reduced algebraic groups the derived functors are T -modules.
We shall also be concerned with the case where T is infinitesimal. In this situation the categories mod(g, χ, T ) and mod Uχ (g)♯H(T ) are equivalent, and the H(T )-action on HomUχ (g) (−, N )
uniquely extends to the derived functors (see [6, (III.5.2)] for more detail).
Our next result identifies the right derived functors of the above functor with the restriction of
ExtnUχ (g) (−, N ) to mod(g, χ, T ).
Lemma 2.3. Let T be a multiplicative algebraic group which is either infinitesimal or a torus.
Suppose that T operates on (g, [p]) via automorphisms, and let ψ : g −→ a be a p-semilinear map
into an abelian restricted Lie algebra a such that ψ(t.x) = ψ(x) for every t ∈ T , x ∈ g. Given
γ ∈ X(a), let M, N be (U0 (gψ ), T )-modules belonging to mod(gψ , γ). Then T naturally acts on
Ext1U0 (gψ ) (M, N ) and Ext1Uχγ (g) (M |g, N |g), and we have an isomorphism
Ext1U0 (gψ ) (M, N ) ∼
= Ext1Uχγ (g) (M |g, N |g)
of T -modules.
Proof. Assuming T to be a torus, we note that its character group X(T ) is a free abelian group
of finite rank. Recall that mod(gψ , 0)gr and mod(g, χγ )gr are the categories of finite dimensional
X(T )-graded U0 (gψ )-modules and Uχγ (g)-modules, respectively. Thanks to [30, §1] these categories
are equivalent to the categories of (U0 (gψ ), T )-modules and (Uχγ (g), T )-modules, respectively. By
(2.1) both categories have enough projective objects.
We shall show that the two extension groups naturally have structures of T -modules. It suffices
to treat the case of U0 (gψ )-modules. To that end, we let mod kgr be the category of X(T )-graded
vector spaces, and consider the forgetful functor F : mod(gψ , 0)gr −→ mod(gψ , 0) as well as the
contravariant functor (−, N ) : mod(gψ , 0)gr −→ mod k ; X 7→ HomU0 (gψ ) (X, N ). According to
[30, (1.6)] the functor F is exact and sends projectives to projectives. Thus, the Grothendieck
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spectral sequence Rn HomU0 (gψ ) (−, N ) ◦ Lm F ⇒ Rn+m (−, N ) (cf. [35, (11.40)]) degenerates to
isomorphisms
Rn (−, N ) ∼
= ExtnU0 (gψ ) (−, N ) ◦ F,
so that

mod(gψ , 0)gr −→ mod k ; M 7→ ExtnU0 (gψ ) (M, N )

is the right derived functor of
mod (gψ , 0)gr −→ mod kgr ; M 7→ HomU0 (gψ ) (M, N ).
Accordingly, we have a canonical T -action on the extension groups, which corresponds to a X(T )grading.
Our assertion now follows from the T -equivariance of the isomorphism given in (2.2).
Now assume T to be infinitesimal, and let F : mod(Uχγ (g)♯H(T )) −→ mod(g, χγ ) be the forgetful
functor. Since Uχγ (g)♯H(T ) is a free Uχγ (g)-module, the functor F sends projectives to projectives.
We may now apply the above arguments to the functor
(−, N ) : mod(Uχγ (g)♯H(T )) −→ mod H(T ) ; M 7→ HomUχγ (g) (M, N )
to obtain an H(T )-structure on Ext1Uχγ (g) (M, N ). Thus, our result follows in this case from the
equivalence of mod T and mod H(T ).

3. Galois Actions
In the sequel, G denotes an infinitesimal group over an algebraically closed field k of characteristic
p > 0. By definition, the function algebra O(G) of the group scheme G is a local, commutative Hopf
algebra (of dimension a power of p). As mentioned earlier, the dual Hopf algebra H(G) := O(G)∗ is
the algebra of measures of G. Its category mod H(G) of finite-dimensional modules is equivalent to
the corresponding module category for G. Recall that the group structure of the character group
X(G) = Algk (H(G), k) is given by the convolution product
X
(λ ∗ µ)(h) :=
λ(h(1) )µ(h(2) )
∀ λ, µ ∈ X(G), h ∈ H(G).
(h)

The commutative p-group X(G) acts on H(G) via automorphisms of the associative algebra H(G):
X
(∗)
λ · h :=
λ(h(1) )h(2)
for λ ∈ X(G), h ∈ H(G).
(h)

Direct computation shows that this operation is induced by the contragredient action of O(G) on
H(G) = O(G)∗ .
If N  G is a normal subgroup, then X(G/N ) is isomorphic to the subgroup of those λ ∈ X(G)
that vanish on the two-sided ideal H(G)H(N )† of H(G), generated by the augmentation ideal
H(N )† ⊂ H(N ) of the Hopf algebra H(N ).
By definition, the order ord(G) of G is the dimension of H(G). Thus, ord(G) = ord(N )ord(G/N )
for every normal subgroup N  G.
We begin by providing general results concerning the case where the factor group G/N is multiplicative. Aside from trigonalizable group schemes, this set-up naturally arises for infinitesimal
groups with tame principal block (cf. [18]).
Proposition 3.1. Let N ⊂ G be a normal subgroup of the infinitesimal group G such that G/N is
multiplicative. Then H(N ) = H(G)X(G/N ) .
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Proof. Directly from the definition we have H(N ) ⊂ H(G)X(G/N ) . Since G/N is multiplicative, we
obtain
dimk H(G) = ord(G) = ord(G/N )ord(N ) = |X(G/N )| dimk H(N ).
As O(G/N ) = k[X(G/N )] is a Hopf subalgebra of O(G), it follows from [33, (2.6)] that O(G) is a
free k[X(G/N )]-module. However, being a Hopf algebra, O(G) is self-injective (cf. [32, (2.1.3)]), so
that H(G) is a projective O(G)-module. Hence H(G) is also a projective module for the local algebra
k[X(G/N )] relative to the module structure given by (∗). Thus, H(G) is a free k[X(G/N )]-module,
implying
1
dimk H(G)X(G/N ) =
dimk H(G) = dimk H(N ).
|X(G/N )|
This shows that the inclusion H(N ) ⊂ H(G)X(G/N ) is in fact an equality.



Let Λ be a k-algebra, G a finite group which acts on Λ via automorphisms. We denote by Λ[G] the
skew group algebra of G over Λ and refer the reader to [3] concerning its basic properties. Following
[2] we say that Λ : ΛG is a Galois extension if
(a) Λ is a projective Λ[G]-generator, and
(b) for every simple Λ-module S, the restriction S|ΛG is semisimple.
In view of [2, (1.2)] condition (a) ensures that the algebras Λ[G] and ΛG are Morita equivalent.
Given λ in X(G), we denote by kλ the one-dimensional H(G)-module with underlying k-space k
and action
h.α = λ(h)α
∀ h ∈ H(G), α ∈ k.
To obtain a strong connection between the module categories of H(G) and H(N ), we consider the
following operation of X(G) on the set Irr(G) of isoclasses of simple H(G)-modules:
λ · [S] := [S ⊗k k(λ◦η) ].
Here η : H(G) −→ H(G) denotes the antipode of the cocommutative Hopf algebra H(G). Note that
this action amounts to twisting the operation of S by the inverse of the algebra automorphism of
H(G) effected by λ.
Remark. Adopting the hypotheses of (3.1), let B ⊂ H(G) be a block of H(G). If there exists a
simple B-module S such that λ · [S] belongs to B for all characters λ ∈ X(G/N ), then the central
idempotent defining B is a fixed-point and H(G) = B ⊕ C decomposes into a direct sum of X(G/N )invariant block ideals. (The term block ideal is used to refer to a direct sum of blocks.) Accordingly,
we also have a decomposition
H(N ) = B X(G/N ) ⊕ C X(G/N )
of H(N ) into a sum of block ideals.
Given a H(G)-module M and λ ∈ X(G), we put
Mλ := {m ∈ M ; h.m = λ(h)m ∀ h ∈ H(G), m ∈ M }.
Let N ⊂ G be a subgroup. The restriction of M to the Hopf algebra H(N ) ⊂ H(G) will be denoted
M |N .
In view of [2, (5.1)] our next result provides a simple criterion for H(G) : H(N ) to be a Galois
extension.
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Proposition 3.2. Let G be an infinitesimal group, N  G a normal subgroup such that G/N is
multiplicative. Then the following statements are equivalent:
(1) The group X(G/N ) acts freely on Irr(G).
(2) For every simple H(G)-module S, the module S|N is simple.
Proof. (1) ⇒ (2). This follows from (3.1) and the proof of [2, (5.1)].
(2) ⇒ (1). Let S be a simple H(G)-module. We let H(G) act on Homk (S, S) via
X
(h · ϕ)(s) :=
h(1) ϕ(η(h(2) )s)
∀ h ∈ H(G), ϕ ∈ Homk (S, S), s ∈ S.
(h)

Given λ ∈ X(G/N ), direct computation shows
HomH(G) (S, S ⊗k kλ◦η ) = Homk (S, S)λ .
Since N  G is a normal subgroup, HomH(N ) (S, S) is an H(G)-submodule of Homk (S, S). In view
of H(N )† ⊂ ker λ, we actually have
HomH(G) (S, S ⊗k kλ◦η ) = HomH(N ) (S, S)λ .
Thus, the assumption [S] = λ · [S] implies HomH(N ) (S, S)λ 6= (0). On the other hand, the module
S|N is simple, and Schur’s Lemma yields
HomH(N ) (S, S) = kidS = HomH(N ) (S, S)ε ,
so that λ = ε, as desired.



For future reference we record the following subsidiary result concerning free Galois actions.
Lemma 3.3. Let Λ be a k-algebra, G a finite group which acts on Λ via automorphisms such that
the induced operation on Irr(Λ) is free. Then the canonical restriction functor ResΛ
ΛG : mod Λ −→
G
mod Λ is length-preserving and sends principal indecomposables to principal indecomposables.
Proof. According to [2, (1.2)] the functor
Fix : mod Λ[G] −→ mod ΛG ; M 7→ M G
is an equivalence of categories. As such, it has the properties stated in our Lemma. Direct computation shows that
Λ[G]
ResΛ
ΛG = Fix ◦ IndΛ
is the composite of Fix with the canonical induction functor
Λ[G]

IndΛ

: mod Λ −→ mod Λ[G] ; M 7→ Λ[G] ⊗Λ M.
Λ[G]

is exact and sends projectives to projectives. As
Since Λ[G] is a free right Λ-module, IndΛ
Λ[G]
G acts freely on Irr(Λ), the arguments of [2, (5.1)] show that the module IndΛ (S) is simple,
Λ[G]
whenever S ∈ mod Λ is. Accordingly, IndΛ is length-preserving. Finally, let P be a principal
Λ[G]
indecomposable Λ-module, and let X, Y be Λ[G]-modules such that IndΛ (P ) = X ⊕ Y . Then we
have
M
Λ[G]
X|Λ ⊕ Y |Λ ∼
g.P,
=
= IndΛ (P )|Λ ∼
g∈G

where g.P is the Λ-module with underlying k-space P and action
λ.x = (g−1 .λ)x

∀ g ∈ G, x ∈ P.

As G acts freely on the simples, the constituents of the right-hand sum are pairwise non-isomorphic.
Thus, if X 6= (0), then the theorem of Krull-Remak-Schmidt provides a subset H ⊂ G such that
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L
X|Λ ∼
= g.X for every g ∈ G. Accordingly, H = G
= h∈H h.P . As X is a Λ[G]-module, we have X ∼
Λ[G]
Λ[G]

and X = IndΛ (P ). Consequently, IndΛ (P ) is a principal indecomposable module.
If G is an algebraic k-group we denote by Gr the kernel of the r-th iterate of the Frobenius homomorphism of G. An infinitesimal k-group G satisfies G = Gr for some r ≥ 0, and the minimal such
number ht(G) is called the height of G.
In the sequel, we denote by M(G) the multiplicative center of G, that is, the unique largest
multiplicative normal subgroup of the infinitesimal group G. The group M(G) is contained in the
center Cent(G) of G (cf. [9, (II,§1,3.9),(IV,§1,4.4)] for more detail).
In the following we let B0 (G) be the principal block of H(G). By definition, B0 (G) is the unique
block which is not annihilated by the co-unit ε of H(G).
Suppose that p ≥ 3 and let T ⊂ SL(2) be the standard maximal torus of diagonal matrices.
Given r ≥ 1, we put Q[r] := SL(2)1 Tr . According to [20, (5.5)] the groups Q[r] are precisely those
semisimple infinitesimal groups, whose distribution algebras possess a tame principal block. The
Lie algebra Lie(Q[r] ) is the special linear Lie algebra sl(2) of trace zero (2 × 2)-matrices. We let
{e, h, f } be the standard basis of sl(2), that is,






0 1
1 0
0 0
e :=
; h :=
; f :=
.
0 0
0 −1
1 0
1

Given a k-vector space V , we denote by V (1) the k-space with multiplication given by α.v = α p v.
A p-semilinear map ψ : sl(2) −→ a may thus also be interpreted as a linear map ψ : sl(2)(1) −→ a.
We call ψ semisimple if ke ⊕ kf ⊂ ker ψ. Thus, letting T × sl(2) −→ sl(2) ; (t, x) 7→ t.x denote
the adjoint action of the standard maximal torus T ⊂ SL(2) on sl(2), the semisimple p-semilinear
maps are those satisfying ψ(t.x) = ψ(x) for t ∈ T and x ∈ sl(2).
Recall from §1 the definition of the restricted Lie algebra sl(2)ψ := sl(2) ⊕ a, with multiplication
and p-map given by
[(x, a), (y, b)] = ([x, y], 0)

and (x, a)[p] = (x[p] , ψ(x) + a[p] )

∀ x, y ∈ sl(2), a, b ∈ a,

respectively.
As usual, we let C(g) := {x ∈ g ; [x, y] = 0} be the center of the restricted Lie algebra (g, [p]).
Lemma 3.4. Let G be an infinitesimal group of characteristic p ≥ 3 with Lie algebra g := Lie(G). If
B0 (G) is tame and ht(G/M(G)) ≥ 2, then there exists a semisimple p-semilinear map ψ : sl(2) −→
C(g) such that g ∼
= sl(2)ψ is a central extension of sl(2).
Proof. A consecutive application of (1.2) and [20, (6.4)] provides a p-semilinear map ψ : sl(2) −→
C(g) such that g ∼
= sl(2)ψ . According to [18, (3.3)] the map ψ gives rise to a homomorphism
ψ : sl(2)(1) −→ C(g)
of G-modules (relative to the adjoint representation). Since the center of G acts trivially on both
modules, ψ is in fact a homomorphism for the group G/Cent(G), which, by (1.1), is isomorphic to
some Q[r] . In particular, the abelian normal subgroup Cent(G1 ) of G is contained in Cent(G), so
that G operates trivially on C(g).
Let sl(2) = sl(2)α ⊕ sl(2)0 ⊕ sl(2)−α = ke ⊕ kh ⊕ kf be the root space decomposition of sl(2)
relative to the the multiplicative subgroup Tr of Q[r] . Since Q[r] and sl(2) are defined over the
Galois field Fp , an application of [29, (I.9.10)] shows that sl(2)(1) is isomorphic to the Frobenius
twist of sl(2). Accordingly, (Q[r] )1 = SL(2)1 operates trivially on sl(2)(1) , and the weights are just
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−pα, 0, pα. Since p 6= 2, the character α has order pr . Thus, β := pα has order pr−1 , and the
weight space decomposition of sl(2)(1) is given by
(1)

(1)

(1)

sl(2)(1) = sl(2)β ⊕ sl(2)0 ⊕ sl(2)−β .
Thanks to (1.2) and [18, (1.5(2))] our assumption on the height of G/M(G) implies r ≥ 2, so
that β 6= 0. As Tr acts trivially on C(g), the root vectors {e, f } are annihilated by ψ, and ψ is
semisimple.

Proposition 3.5. Let G be an infinitesimal group of characteristic p ≥ 3 such that B0 (G) is tame.
Then the following statements hold:
(1) There exists a quotient map π : G −→ Q[r] such that ker π = Cent(G).
(2) There exists a multiplicative subgroup M ⊂ G such that
(a) G = G1 M, and
(b) π|M : M −→ Tr is a quotient map with kernel M(G).
Proof. (1) This is a direct consequence of (1.1).
(2) We set G ′ := G/M(G), and let π ′ : G ′ −→ Q[r] be the quotient map induced by π. Thanks to
[18, (6.3)] there exists a closed embedding σ : Tr −→ G ′ such that π ′ ◦ σ = idTr and G ′ = G1′ σ(Tr ).
Letting η : G −→ G ′ be the canonical quotient map, we put M := η −1 (σ(Tr )). Owing to [9,
(IV,§1,4.5)] the group M is, as an extension of two connected multiplicative groups, multiplicative.
It was shown in the proof of (1.2) that η induces a quotient map G1 −→ G1′ . Accordingly, the
foregoing observations ensure that
η|G1 M : G1 M −→ G ′
is a quotient map with kernel M(G). Consequently, the groups G1 M and G have the same order,
so that G = G1 M.
By definition of M, the homomorphism η induces a quotient map η|M : M −→ σ(Tr ) with
kernel M(G). Since π ′ ◦ σ = idTr , the restriction π ′ |σ(Tr ) : σ(Tr ) −→ Tr is an isomorphism. Thus,
π|M = π ′ |σ(Tr ) ◦ η|M inherits the desired properties from η|M .

r

For r ≥ 1, we consider the multiplicative group µpr := Speck (k[T ]/(T p − 1)), which associates to
every commutative k-algebra R the group
r

µpr (R) := {x ∈ R ; xp = 1}.
By general theory, every infinitesimal multiplicative group is a product of groups of type µpr .
Directly, from the definition we obtain the isomorphism X(µpr ) ∼
= Z/(pr ).
Lemma 3.6. Let G be an infinitesimal group of characteristic p ≥ 3 such that B0 (G) is tame. Then
G/G1 M(G) ∼
= µpr−1 , where r = ht(G/M(G)).
Proof. We put G ′ := G/M(G) as well as N := G1 M(G). According to [18, (2.1)] we have G ′ /G1′ ∼
=
µpr−1 . The canonical quotient map G −→ G ′ /G1′ thus induces a quotient map
π : G/N −→ µpr−1 .
Owing to (1.2) the map G −→ G ′ induces a quotient map G1 −→ G1′ with kernel M(G)∩G1 = M(G1 ).
Consequently,
ord(G/N ) =

ord(G)ord(M(G1 ))
ord(G)
ord(G ′ )
ord(G)
=
=
=
= pr−1 ,
ord(N )
ord(M(G))ord(G1 )
ord(M(G))ord(G1′ )
ord(G1′ )

so that the quotient map π is in fact an isomorphism.
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As will be shown later, the block structure of the distribution algebra of an infinitesimal group G
with tame principal block is largely determined by the normal subgroup
N (G) := G1 M(G).
Our next result is crucial as it establishes a particularly useful Galois correspondence between N (G)
and G, which will serve in our context as a substitute for the well-known Brauer correspondence
between the principal blocks of a finite group G and its local subgroup P CG (P ), defined by a
Sylow-p-subgroup P ⊂ G.
In the sequel we will identify the algebra H(G) of distributions of an infinitesimal group G
of height ≤ 1 with the restricted enveloping algebra U0 (g) of its Lie algebra g = Lie(G) (cf. [9,
(II,§7,4.2)]).
Theorem 3.7. Let G be an infinitesimal group of characteristic p ≥ 3 with tame principal block.
Then the following statements hold:
(1) The restriction S|G1 of every simple G-module S is simple.
(2) The character group X(G/N (G)) operates freely on the set of isoclasses of simple H(G)modules, and H(G) : H(N (G)) is a Galois extension with Galois group X(G/N (G)).
(3) We have an isomorphism X(G/N (G)) ∼
= Z/(pr−1 ), where r := ht(G/M(G)).
Proof. By (3.5) there exists a quotient map π : G −→ Q[s] with kernel Cent(G). Thanks to [18,
(2.1)] we obtain s = r. If r = 1, then (3.6) yields G1 M(G) = G, and there is nothing to be shown.
Alternatively, (3.5) provides a multiplicative subgroup M ⊂ G such that
(a) G = G1 M, and
(b) π|M : M −→ Tr is a quotient map with kernel M(G).
As before, T ⊂ SL(2) denotes the standard maximal torus of diagonal matrices. We put N := N (G)
as well as Ĝ := G1 ⋊ M and N̂ := G1 × M(G). There results a commutative diagram
ek −−−−→ M(G1 ) −−−−→


y

N̂ −−−−→


y

N −−−−→ ek


y

ek −−−−→ M1 −−−−→ Ĝ −−−−→ G −−−−→ ek
with exact rows and injective vertical arrows.

(i) Every simple G1 -module has the structure of a Ĝ-module.
Let g := Lie(G) be the Lie algebra of G. According to (3.4) there exists a semisimple p-semilinear
map ψ : sl(2) −→ C(g) such that g = sl(2)ψ . We let T act on g = sl(2)ψ via
∀ t ∈ T, x ∈ sl(2), c ∈ C(g).
If S is a simple G1 -module, then S is a simple U0 (g) ∼
= H(G1 )-module (cf. [9, (II,§7,4.2)]), and Lemma
2.1 provides a (U0 (g), T )-structure for S. We consider the action of T on G1 that corresponds to
the action of T on g, and note that S has the structure of a (G1 ⋊ T )-module.
The group M operates on g via the adjoint representation. Since C(g) = Lie(Cent(G)) (cf. (1.1))
and sl(2) = [g, g], the decomposition
g = sl(2) ⊕ C(g)
t.(x, c) := (Ad(t)(x), c)

is a decomposition of M-modules, with M acting on g via
m(x, c) = (Ad(m)(x), c)

∀ m ∈ M, x ∈ sl(2), c ∈ C(g).

The action of M is thus determined by that of its image Tr in Q[r] . Accordingly, the operation
of Tr ∼
= M/M(G) on g coincides with the restriction of the T -action on g. It follows that the
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pull-back along the quotient map
Ĝ −→ G1 ⋊ Tr ; (g, m) 7→ (g, π(m)),
provides S with the structure of a Ĝ-module such that S|G1 is the originally given module.

⋄

(ii) Let S be a simple Ĝ-module. Then S|G1 is simple.
Let S be a simple Ĝ-module, and let S ′ ⊂ S|G1 be a simple G1 -submodule. Thanks to (i), the space S ′
also has a Ĝ-structure. By assumption, the (Ĝ/G1 )-module HomG1 (S ′ , S) is not zero. Since the factor
group Ĝ/G1 is multiplicative, there exists a character ω ∈ X(Ĝ/G1 ) such that HomG1 (S ′ , S)ω 6= (0).
By the proof of (3.2) we can find a non-zero homomorphism S ′ −→ S ⊗k kω◦η of Ĝ-modules.
Consequently, these two simple Ĝ-modules are isomorphic, and the restriction S|G1 ∼
= S ′ |G1 is
simple.
⋄
Since every simple G-module has, via pull-back, the structure of a simple Ĝ-module, assertion (1)
is a direct consequence of (ii).
(iii) The group X(G/N ) operates freely on the isoclasses of simple G-modules.
Since G1 ⊂ N , part (1) implies that the restriction S|N of every simple G-module S is simple. We
may now apply (3.6) and (3.2) to obtain our assertion.
⋄
Thanks to Lemma 3.6 the factor group G/N is multiplicative. A consecutive application of [2,
(5.1)] and (3.1) now shows that H(G) : H(N ) is a Galois extension. Another application of (3.6)

yields X(G/N ) ∼
= Z/(pr−1 ).
= X(µpr−1 ) ∼
Corollary 3.8. Let G be an infinitesimal group of characteristic p ≥ 3. If the principal block of
H(G) is tame, then H(G) : H(G1 ) is a Galois extension, whose Galois group X(G/G1 ) is a product
of cyclic p-groups that acts freely on Irr(G).
Proof. Since the group G/G1 is an extension of the connected multiplicative groups G/N (G) and
N (G)/G1 (cf. [9, (III,§3,3.7)]), it is multiplicative (cf. [9, (IV,§1,4.5)]). The desired result now
follows from a consecutive application of (3.7(1)), (3.2), (3.1) and [2, (5.1)].


4. Block Representation Type
Throughout this section, we let k be an algebraically closed field of characteristic p ≥ 3. In [18]
those groups G with trivial multiplicative center, having a tame principal block B0 (G) ⊂ H(G) were
determined. Moreover, in that case the block structure of H(G) is also completely understood.
By results of [17], the presence of a multiplicative center may complicate the representation theory of H(G) significantly. However, as the main result of this section, Theorem 4.3, shows, this
phenomenon is essentially a feature of infinitesimal groups of height 1.
Our first subsidiary result implies that the representation theory of the normal subgroup N (G)G
essentially coincides with that of the first Frobenius kernel G1 .
Lemma 4.1. Let G be an infinitesimal k-group, K  G a normal subgroup such that G = KM(G).
Then the follwing statements hold:
(1) There exists a natural number n ∈ N such that H(G) is a block ideal of H(K)n , with each
block of H(K) occurring as a block of H(G).
(2) If nbG and nbK denote the number of blocks of H(G) and H(K), respectively, then we have
nbG = nbK ord(M(G)/M(K)).
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Proof. (1) Let L ⊂ K × M(G) be the kernel of the quotient map
K × M(G) −→ G
that is induced by the multiplication of G. Since K is normal in G and M(K) is a characteristic
subgroup of K, it follows that M(K) is normal in G (cf. [9, (II,§1,3.9),(IV,§3,1.1)]). Thus, M(K) ⊂
M(G), and M(K) = K ∩ M(G). As a result,
L = {(g, g−1 ) ; g ∈ M(K)} ∼
= M(K)
is a multiplicative, normal subgroup of K × M(G). According to the proof of [20, (1.1(1))] the
kernel H(K × M(G))H(L)† of the canonical projection
H(K × M(G)) −→ H(G)
is a block ideal of H(K × M(G)), so that we obtain an isomorphism
H(K × M(G)) ∼
= H(K × M(G))H(L)† ⊕ H(G)
of associative algebras. Since M(G) is multiplicative, we have H(M(G)) ∼
= kn for n = ord(M(G)) =
ord(X(M(G))), so that each block of H(M(G)) corresponds to a character λ ∈ X(M(G)). Thus,
letting k(λ) denote the block corresponding to λ, we have
h.x = λ(h)x

∀ h ∈ H(M(G)), x ∈ k(λ)

as well as
(∗)

H(K × M(G)) ∼
= H(K) ⊗k H(M(G)) ∼
=

M

H(K) ⊗k k(λ) ∼
= H(K)n .

λ∈X(M(G))

In particular, each simple (K × M(G))-module is of the form S ⊗k kλ for some simple K-module
S and some character λ ∈ X(M(G)). The module S ⊗k kλ belongs to H(G) if and only if it is
annihilated by H(L)† . By the above, this happens precisely when M(K) acts on S via λ|M(K) .
Now let S be a simple K-module. Schur’s Lemma provides a character γ ∈ X(M(K)) such
that H(M(K)) operates on S via γ. The canonical inclusion M(K) ֒→ M(G) corresponds to
res
the canonical restriction map O(M(G)) −→ O(M(K)), which is a surjective homomorphism of
commutative Hopf algebras. As both groups involved are multiplicative, their function algebras
coincide with the group algebras of their character groups. Accordingly, the canonical restriction
map X(M(G)) −→ X(M(K)) is also surjective. We can therefore find a character λ ∈ X(M(G))
such that γ = λ|M(K) . Consequently, the simple (K × M(G))-module S ⊗k kλ belongs to H(G).
Let B ⊂ H(K) be the block of S. Then S ⊗k kλ belongs to B ⊗k k(λ) , proving that B ∼
= B ⊗k k(λ)
belongs to the block ideal H(G).
(2) Let Bl(G) and Bl(K) be the sets of blocks of H(G) and H(K), respectively. In view of (∗)
the blocks of H(K × M(G)) are of the form B ⊗k k(λ) for B ∈ Bl(K) and λ ∈ X(M(G)).
For each γ ∈ X(M(K)) we denote by Bl(K)γ the set of those blocks of B of H(K) with
cb = γ(c)b
∀ c ∈ H(M(K)), b ∈ B.
S
There results a partition Bl(K) = γ∈X(M(K)) Bl(K)γ .
Let B ∈ Bl(K)γ . The arguments of (1) now show that the block B⊗k k(λ) of H(K×M(G)) belongs
to the block ideal H(G) if and only if λ ∈ res−1 (γ). Accordingly, setting Φ(γ) := Bl(K)γ × res−1 (γ),
we have a partition
[
[
Bl(G) =
B ⊗k k(λ) .
γ∈X(M(K)) (B,λ)∈Φ(γ)
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Since each fiber of the restriction map res : X(M(G)) −→ X(M(K)) has cardinality
ord(ker res) =

ord(X(M(G)))
ord(M(G))
=
= ord(M(G)/M(K)),
ord(X(M(K)))
ord(M(K))

we obtain from the above partition
X
nbG =
|Bl(K)γ | ord(M(G)/M(K)) = ord(M(G)/M(K)) nb K ,
γ∈X(M(K))

as desired.



Remark. Since the representation type of a block B ⊂ H(G) coincides with that of B ⊗k k(λ) , part
(2) of foregoing result also holds for the number of blocks of a given representation type. By the
same token, one has a similiar correspondence for blocks having modules of a given dimension.
An associative k-algebra Λ is referred to as tame, if it is not representation-finite, and if for every d >
0 there exist (Λ, k[X])-bimodules M1 , . . . , Mn(d) that are finitely generated free right k[X]-modules
and such that all except finitely many indecomposable modules of dimension d are isomorphic to
Mi ⊗k[X] S for some simple k[X]-module S and some i ∈ {1, . . . , n(d)}.
Following [40, p. 174] we say that an algebra Λ is special biserial if Λ is Morita equivalent to a
bound quiver algebra k[Q]/I satisfying
(SB1) each vertex of Q is the starting point and end point of at most two arrows, and
(SB2) for any arrow α of Q, there is at most one arrow β and one arrow γ with αβ ∈
/ I and
γα ∈
/ I.
For a self-injective special biserial algebra Λ, the heart Rad(P )/ Soc(P ) of every indecomposable
projective Λ-module P is a direct sum of at most two uniserial modules [40, (5.1)].
Given r ≥ 1, we denote by ∆r the quiver with underlying set of vertices Z/(2pr−1 ) and arrows
αi : i → i + 1 ; βi : i → i − 1
for i ∈ Z/(2pr−1 ):
α1

A
α0  
 
  β1

0 ==
^== == β0
== ==
= =
α2pr−1 −1 === =

1

o

/

o

o

···
···
/

2

/

β2

β2pr−1 −1

/

2pr−1 −1 o
2pr−1 −2
α2pr−1 −2

αpr−1 −2

···
···

pr−1 −2

o

/

pr−1 −1

βpr−1 −1

βpr−1 +2
pr−1 +2

o

/

?
_?? ???αpr−1 −1
?? ??
? ?
βpr−1 ?? 
? pr−1
βpr−1 +1 
 
 

  αpr−1


pr−1 +1

αpr−1 +1

The map
g : Z/(2pr−1 ) −→ Z/(2pr−1 ) ; i 7→ i + 2
is an automorphism of ∆r of order pr−1 , so that the subgroup Gr ⊂ Aut(∆r ) generated by g is
isomorphic to Z/(pr−1 ). Note that ∆1 is the quiver
α0 β0 0

 α1
 β1

1.
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For n ≥ 0, let Jr,n ⊂ k[∆r ] be the ideal generated by
n

n

{(βi+1 αi )p − (αi−1 βi )p , αi+1 αi , βi βi+1 ; i ∈ Z/(2pr−1 )}.
The bound quiver algebras N 2 (r, n) = k[∆r ]/Jr,n are special biserial. According to [18, (7.1)] the
double Nakayama algebras N 2 (r, n) are precisely the basic algebras of the tame principal blocks of
infinitesimal group schemes.
In the following, we let nn be the n-dimensional nil-cyclic restricted Lie algebra. By definition,
there exists x ∈ nn with
n−1
M
n
i
k x[p] ; x[p] = 0.
nn :=
i=0

The largest toral ideal and the largest p-nilpotent ideal of a restricted Lie algebra (g, [p]) will be
denoted T (g) and radp (g), respectively. As before, {e, h, f } denotes the standard basis of sl(2).
Lemma 4.2. Supose that (a, [p]) is an abelian restricted Lie algebra such that the restricted enveloping algebra U0 (a) is representation-finite, and let ψ : sl(2) −→ a be a semisimple p-semilinear
form. Then the following statements hold:
n
(1) Each block of U0 (sl(2)ψ ) is Morita equivalent to N 2 (1, n) or k[X]/(X p ), where n :=
dimk radp (a).
(2) If S is a simple U0 (sl(2)ψ )-module, then dimk S ≤ p with equality holding precisely when S
belongs to a representation-finite block.
Proof. Since U0 (a) has finite representation type, [13, (4.3)] provides a decomposition
a = nn ⊕ t,
where t := T (a) and nn = radp (a). We let ψn and ψt denote the two corresponding components of
ψ. Consider the restricted Lie algebra sl(2)ψn as well as the p-semilinear map
ψt′ : sl(2)ψn −→ T (sl(2)ψ ) ; x + v 7→ ψt(x).
For γ ∈ X(t) we define χγ ∈ sl(2)∗ψn to be the linear form given by
χγ (z)p = γ(ψt′ (z))

∀ z ∈ sl(2)ψn .

Since a = C(sl(2)ψ ), we have T (sl(2)ψ ) = T (a) = t, and a consecutive application of [17, (8.1)] and
[17, (8.2)] provides an isomorphism
M
U0 (sl(2)ψ ) ∼
Uχγ (sl(2)ψn )
=
γ∈X(t)

of k-algebras. Accordingly, it suffices to verify (1) and (2) for blocks and simple modules of each
Uχγ (sl(2)ψn ).
If χγ = 0, then [17, (7.1)] implies that a block B ⊂ U0 (sl(2)ψn ) is either Morita equivalent to
n
N 2 (1, n) or to k[X]/(X p ). We also obtain dimk S ≤ p. Moreover, the algebra U0 (sl(2)ψn ) possesses
exactly one simple module St1 of dimension p (the pull-back of the Steinberg module along the
π
canonical projection sl(2)ψn −→ sl(2)). By the remark following [17, (1.5)] the corresponding block
of U0 (sl(2)ψn ) is a Nakayama algebra.
Now suppose that χγ 6= 0. According to the proof of [17, (8.10)] a block B ⊂ Uχγ (sl(2)ψn ) is
n
Morita equivalent to k[X]/(X p ). Since χγ annihilates the p-nilpotent radical nn of sl(2)ψn , we
obtain a linear map χ̂γ : sl(2) −→ k such that χ̂γ ◦ π = χγ . By construction, χγ is a semisimple
linear form, and S has the structure of a simple Uχ̂γ (sl(2))-module. By virtue of [21, (2.3)] we
therefore have dimk S = p.
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Let G be an infinitesimal group and χ ∈ X(M(G)) a character. We denote by mod(G, χ) the full
subcategory of mod H(G) consisting of those G-modules M for which
h.m = χ(h)m

∀ h ∈ H(M(G)), m ∈ M.

Given M, N ∈ mod(G, χ), the Hopf algebra H(M(G)) acts trivially on HomG1 (M, N ). As this also
applies to H(G1 ), it follows that every G-module N ∈ mod(G, χ) defines a functor
mod(G, χ) −→ mod G/N (G) ; M 7→ HomG1 (M, N ).
Since the forgetful functor F : mod(G, χ) −→ mod H(G1 ) is exact and sends projectives to projectives, the functors
mod(G, χ) −→ mod k ; M 7→ ExtnG1 (M, N )
naturally identify with the right derived functors of the above functor and thus also map G-modules
to G/N (G)-modules (cf. [29, (I.6.6)]).
For each i ≥ 0, we denote by L(i) the simple SL(2)-module of highest weight i ∈ N0 . If i ≤ p − 1,
then L(i)|SL(2)1 is simple (cf. [29, (II.3.15)]). We let L(i)[1] be the SL(2)-module with underlying
k-space L(i) and action twisted by the Frobenius endomorphism of SL(2).
Given an infinitesimal group G, the factor group Cent(G)/M(G) is a unipotent group, whose
length will be denoted ℓ(Cent(G)/M(G)). We let Wm be the smooth abelian unipotent group
scheme of Witt vectors of length m (cf. [9, (V,§1,1.6)]).
Recall that a module M of an associative k-algebra Λ is referred to as sincere if every simple
Λ-module is a composition factor of M .
Theorem 4.3. Let G be an infinitesimal group with tame principal block. Suppose that r :=
ht(G/M(G)) ≥ 2, and put n := ℓ(Cent(G)/M(G)). Let B ⊂ H(G) be a block.
(1) If B possesses a simple module of dimension 6= p, then B is Morita equivalent to N 2 (r, n).
n
(2) If B affords a simple module of dimension p, then B is Morita equivalent to k[X]/(X p ).
Proof. We set N := N (G), and let S, S ′ be simple B-modules. According to (3.6) and [9, (IV,§1,4.5)]
the factor group G/G1 is, as an extension of the multiplicative groups G/N and N /G1 , multiplicative.
Consequently, [29, (I.6.9)] provides an isomorphism
Ext1 (S, S ′ ) ∼
= Ext1 (S, S ′ )G .
G

G1

Since S is a simple B-module, Schur’s Lemma provides a character χ ∈ X(M(G)) such that
H(M(G)) acts on S via χ. By general principles, we thus have mod B ⊂ mod(G, χ), and by our
earlier observations, the groups M(G) and G1 operate trivially on Ext1G1 (S, S ′ ), so that we actually
have
(∗)
Ext1G (S, S ′ ) ∼
= Ext1G1 (S, S ′ )G/N .
Thus, the determination of the Gabriel quiver of B necessitates a closer analysis of the G/N -module
Ext1G1 (S, S ′ ).
By general theory [44, (9.5)], the center
Cent(G) = M(G) × U
is a direct product of M(G), and a unipotent subgroup U, which is necessarily normal in G. In our
situation, (1.1) ensures that U is contained in G1 , so that U, and thereby Cent(G), acts trivially on
Ext1G1 (S, S ′ ). It follows that the action of G on Ext1G1 (S, S ′ ) factors through to G/Cent(G).
Thanks to (3.5) there exist a quotient map π : G −→ Q[r] with kernel Cent(G) and a multiplicative
subgroup M ⊂ G such that π|M : M −→ Tr is a quotient map with kernel M(G) and G = G1 M.
Let g := Lie(G) be the Lie algebra of G. According to (3.4) we can find a p-semilinear map
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ψ : sl(2) −→ C(g) such that g ∼
= sl(2)ψ . In fact, the isomorphism is induced by the differential
dπ : g −→ sl(2) of π. Decomposing C(g) into its p-nilpotent and toral part, we write
C(g) = nn ⊕ t
as well as ψ = ψn + ψt. Owing to (2.2) and [17, (8.1)] the canonical inclusion sl(2)ψn ֒→ sl(2)ψ
induces a T -equivariant isomorphism
M
Uχγ (sl(2)ψn )
(∗∗)
U0 (sl(2)ψ ) ∼
=
γ∈X(t)

of k-algebras.
By our observations above, the quotient map π endows the space Ext1G1 (S, N ) with the structure
of a Q[r] -module for any B-module N . Composing π with the canonical map Q[r] −→ Q[r] /SL(2)1 ∼
=
Tr /T1 we obtain a quotient map G/N −→ Tr /T1 . In view of (3.6) both groups involved have the
same order, so that the above map is an isomorphism. Consequently, the subgroup T1 ⊂ Tr operates
trivially on Ext1G1 (S, N ).
By virtue of (3.7(1)) the restriction S|G1 of every simple G-module S is simple. In view of (∗) the
restrictions of the simple B-modules all belong to one block of the Hopf algebra H(G1 ). Thus, the
differential of the representation of S makes S a simple U0 (g)-module, and all B-modules belong to
the same block of U0 (g). Owing to (∗∗) there exists a character γ ∈ X(t) such that the restriction
M |sl(2)ψn of the differential of a B-module M is a Uχγ (sl(2)ψn )-module.
(1) Now let B ⊂ H(G) be a block affording a simple module S of dimension dimk S = i + 1 < p.
We shall proceed in several steps.
(a) The block B has Gabriel quiver ∆r .
Since ψ is semisimple, the p-character χγ induces a semisimple p-character χ̂γ ∈ sl(2)∗ such that
S is a Uχ̂γ (sl(2))-module. Thanks to [21, (2.2)] we have χ̂γ = 0 = χγ , so that S is a simple
U0 (sl(2))-module. Thus, if S ′ is another simple B-module, then, by (2.3) and [17, (1.3)], we have
isomorphisms
Ext1 (S, S ′ ) ∼
(S, S ′ ) ∼
(S, S ′ ) ∼
(S, S ′ )
= Ext1
= Ext1
= Ext1
G1

U0 (g)

U0 (sl(2)ψn )

U0 (sl(2))

of Tr -modules.
According to (2.1) the simple U0 (sl(2))-modules S and S ′ are also (U0 (sl(2)), Tr )-modules. Since
the sl(2)-module S is isomorphic to L(i), the H(Tr )-module HomU0 (sl(2)) (L(i), S) is one-dimensional
and annihilated by H(T1 )† . The arguments of (3.2) now provide a character λ ∈ X(Tr /T1 ) such that
S∼
= L(j) ⊗k kµ for some µ ∈ X(Tr /T1 ). Consequently,
= L(i) ⊗k kλ . By the same token, we have S ′ ∼
the arguments of [20, (5.3)] in conjunction with the main theorem of [34] now establish the following
isomorphisms of Tr -modules:

L(1)[1] ⊗k kµ−λ i + j = p − 2
Ext1G1 (S, S ′ ) ∼
=
0
otherwise.
Recall that Tr acts on the standard SL(2)-module L(1) via two characters α, −α ∈ X(Tr ) ∼
= Z/(pr ),
both having order pr . Hence Tr operates on the Frobenius twist L(1)[1] via β := pα and −β, which
are generators of X(Tr /T1 ) ∼
= Z/(pr−1 ).
Owing to (∗) we have isomorphisms
(∗ ∗ ∗)

Ext1G (S, S ′ ) ∼
= Ext1G1 (S, S ′ )G/N ∼
= (L(1)[1] ⊗k kµ−λ )Tr

whenever dimk S + dimk S ′ = p. Thus, the extension group is non-trivial if and only if µ − λ ∈
{β, −β}. This readily implies that the block B has Gabriel quiver ∆r .
⋄
(b) The block B is an X(G/N )-submodule of H(G).

GALOIS ACTIONS AND BLOCKS OF TAME INFINITESIMAL GROUP SCHEMES

19

From (∗ ∗ ∗) we see that S ⊗k kλ belongs to B for every character λ ∈ X(G/N ) ∼
= Z/(pr−1 ). As
X(G/N ) permutes the central idempotents of H(G), it follows that the idempotent definining B is
a fixed-point of X(G/N ).
⋄
(c) B X(G/N ) is a block of H(N ).
Since the group G/N is multiplicative, [29, (I.6.9)] implies
(†)

Ext1G (S, S ′ ) ∼
= Ext1N (S, S ′ )G/N

for any two simple G-modules S and S ′ . According to (3.7(1)) the restrictions to H(N ) of the
simple B-modules are simple, so that our formula implies that all these belong to one block of
H(N ).
Let eB be the primitive central idempotent of H(G) defining the block B. Since X(G/N ) permutes
the central idempotents, part (b) and (3.7(2)) imply eB ∈ H(G)X(G/N ) = H(N ). Consequently, we
have
H(N )eB ⊂ B X(G/N ) .
By the arguments of [20, (5.1)] the group X(G/N ) acts transitively on those fibers of the canonical
restriction functor mod H(G) −→ mod H(N ) that are defined by simple N -modules. Applying
(3.7) and (3.3) successively, we conclude that every simple N -module is the restriction of a simple
G-module.
Let V be a simple H(N )-module belonging to the block ideal H(N )eB . Since V has the structure
of a G-module that extends its N -structure, V = eB .V |N = eB .V , so that V belongs to B. As a
result, the restriction functor induces a surjection Irr(B) −→ Irr(H(N )eB ) between the sets of
isoclasses of simple B-modules and simple H(N )eB -modules. By virtue of (†) it now follows that
the Gabriel quiver of H(N )eB is connected. As a result, the block ideal H(N )eB is in fact a block
of H(N ).
In view of (4.1) the simple N -modules are just the simple G1 -modules, and the blocks of H(N )
occur in H(G1 ). A consecutive application of (3.4) and (4.2) now shows that the dimensions of the
simple N -modules (and thereby the dimensions of the simple G-modules) are bounded by p. By
the same token, the simple N -modules belonging to a block having a simple module of dimension
< p all are of dimension < p.
Now let B1 , . . . , Bℓ be the blocks of H(G) containing a module of dimension < p. Then every
simple Bi -module has dimension < p, and the remaining blocks of H(G) form an X(G/N )-invariant
block ideal C = H(G)eC , defined by a central idempotent eC ∈ H(G)X(G/N ) = H(N ). Since every
simple H(N )-module of dimension p is the restriction of a simple C-module, such a module belongs
L
to H(C)eC . Consequently, H(N ) = ℓi=1 H(N )eBi ⊕ H(N )eC , so that
H(N ) =

ℓ
M
i=1

In particular,

X(G/N )
Bi

H(N )eBi ⊕ H(N )eC ⊂

ℓ
M

X(G/N )

Bi

⊕ C X(G/N ) = H(N ).

i=1

= H(N )eBi is a block of H(N ) for every i ∈ {1, . . . , ℓ}.

⋄

(d) Let P be a principal indecomposable B-module. Then P is not sincere.
According to (1.1) there exists a natural number m ∈ N0 such that Cent(G) ∼
= (Wm )1 ×M(G). Thus,
n
∼
(Wm )1 = Cent(G)/M(G), so that m = ℓ(Cent(G)/M(G)) = n. Since H((Wn )1 ) ∼
= k[X]/(X p )
there exists an element v0 ∈ H((Wn )1 )† such that H((Wn )1 ) = k[v0 ]. Thus, v0 is a nilpotent element
n
of the center of H(G) that satisfies v0p = 0. Setting I := H(G)v0 we have I = H(G)H((Wn )1 )† as
well as H(G)/I ∼
= H(Ĝ), where Ĝ = G/(Wn )1 . Since Ĝ is not supersolvable, [20, (1.1)] implies that
the principal block B0 (Ĝ) is tame. Consequently, (1.1) now provides an isomorphism Cent(Ĝ) ∼
=
M(G).
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Since I is nilpotent, the Ĝ-module P/v0 P is projective indecomposable. Moreover, left multiplication by v0i induces a surjection
P/v0 P −→ v0i P/v0i+1 P
of H(Ĝ)-modules for every i ∈ {0, . . . , pn − 1}. Since k[v0 ] = H((Wn )1 ) is a Hopf subalgebra of
H(G) [33, (2.6)] guarantees that P |k[v0 ] is projective. As k[v0 ] is local, the module P |k[v0 ] is free
and there exists ℓ ≥ 1 with P |k[v0 ] ∼
= k[v0 ]ℓ . This readily implies dimk v0i P/v0i+1 P = ℓ for every
i ∈ {0, . . . , pn − 1}, showing that the above surjections are in fact isomorphisms
(††)
P/v0 P ∼
= v i P/v i+1 P.
0

0

We let ĝ = Lie(Ĝ) be the Lie algebra of Ĝ. Since the unipotent part of the center of Ĝ is trivial,
(∗∗) specializes to
M
U0 (ĝ) ∼
Uχγ (sl(2)).
=
γ∈X(t)

Thanks to (3.8) and (3.3) the module (P/v0 P )|Ĝ1 has length ℓ(P/v0 P ). Since the dimension of the
top of P is bounded by p − 1, the U0 (ĝ)-module (P/v0 P )|Ĝ1 affords p-character χγ = 0 and thus
has length 4. In view of (††) the module P has at most 4 distinct composition factors. As p ≥ 3
and r ≥ 2 we have 4 < |Irr(B)|, so that P is not sincere.
⋄
Thanks to (a) the block B has Gabriel quiver ∆r . A consecutive application of (3.7), (b) and [2,
(5.1)] ensures that B : B X(G/N ) is a Galois extension with Galois group X(G/N ) acting freely on
Irr(B). Owing to (c) the algebra B X(G/N ) is a block of H(N ), which by (4.1) and (4.2), is Morita
equivalent to N 2 (1, m) for m := dimk radp (C(g)). By virtue of (1.1) we have C(g) = Lie(Cent(G)),
whence
radp (C(g)) = radp (Lie(Cent(G))) ∼
= nn .
Thus, m = n, and the claim of (1) now follows by applying [18, (4.4)] and (d) successively.
(2) Now suppose that B ⊂ H(G) is a block having a simple module S with dimk S = p. By
(3.7(1)) the restriction S|G1 is simple and (∗∗) shows that S|G1 belongs to a block of Uχγ (sl(2)ψn ).
If χγ = 0, then, arguing as in (a) above, we obtain λ ∈ X(Tr /T1 ) such that
S∼
= L(p − 1) ⊗k kλ
as a (U0 (sl(2)), Tr )-module. If S ′ = L(p − 1) ⊗k kµ is another B-module, then the remark following
[17, (1.3)] provides isomorphisms
Ext1 (S, S ′ ) ∼
(S, S ′ ) ∼
= Ext1
= HomU (sl(2)) (L(p − 1), L(p − 1)) ⊗k kµ−λ
G1

U0 (sl(2))

0

of Tr -modules. Since Tr operates trivially on HomU0 (sl(2)) (L(p − 1), L(p − 1)) ∼
= HomSL(2) (L(p −
1), L(p − 1)), we obtain from (∗)
dimk Ext1G (S, S ′ ) = dimk (kµ−λ )Tr = δµ,λ .
Thus, the block B is a primary Nakayama algebra.
It remains to treat the case where χγ 6= 0. As χγ annihilates the p-nilpotent radical nn of
sl(2)ψn , it induces a linear form χ̂γ ∈ sl(2)∗ . Given S and S ′ as before, we consider the U0 (sl(2)ψn )module M := Homk (S, S ′ ). Since M is annihilated by U0 (nn )† , the cohomology five term sequence
associated to the spectral sequence H m (U0 (sl(2)), H ℓ (U0 (nn ), M )) ⇒ H m+ℓ (U0 (sl(2)ψn ), M ) in
conjunction with [21, (5.1)] provides an exact sequence
(0) −→ Ext1Uχ̂

γ (sl(2))

(S, S ′ ) −→ Ext1Uχγ (sl(2)ψ ) (S, S ′ ) −→ H 1 (U0 (nn ), M )sl(2)ψn
n

−→

Ext2Uχ̂ (sl(2)) (S, S ′ )
γ
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of Tr -modules. According to [21, (2.2)] the reduced enveloping algebra Uχ̂γ (sl(2)) is semisimple,
and the above sequence yields an isomorphism
Ext1
(S, S ′ ) ∼
= H 1 (U0 (nn ), M )sl(2)ψn
Uχγ (sl(2)ψn )

of Tr -modules. Since nn ⊂ C(sl(2)ψn ) is nil-cyclic and acts trivially on M , we have
H 1 (U0 (nn ), M )sl(2)ψn ∼
= HomUχγ (sl(2)ψn ) (S, S ′ ).
= M sl(2)ψn ∼
= (H 1 (U0 (nn ), k) ⊗k M )sl(2)ψn ∼
By virtue of [21, (2.3)] the Uχγ (sl(2)ψn )-module S is the pullback of a baby Verma module
Zχ̂γ (λ) := Uχ̂γ (sl(2)) ⊗Uχ̂γ |

b

(b)

kλ

along the canonical map Uχ̂γ (sl(2)ψn ) −→ Uχ̂γ (sl(2)). Here b := kh⊕ke denotes the standard Borel
subalgebra of upper triangular matrices. The canonical action of T on Uχ̂γ (sl(2)) endows Zχ̂γ (λ)
with the structure of a (Uχ̂γ (sl(2))♯H(Tr ))-module. Arguing as before, we can find characters
µ, µ′ ∈ X(Tr /T1 ) such that
S∼
= Zχ̂ (λ′ ) ⊗k kµ′
= Zχ̂ (λ) ⊗k kµ ; S ′ ∼
γ

γ

as (Uχ̂γ (sl(2))♯H(Tr ))-modules. In view of [21, (2.3)] we have
dimk HomUχ̂γ (sl(2)) (Zχ̂γ (λ), Zχ̂γ (λ′ )) = δλ,λ′ = dimk HomUχ̂γ (sl(2))♯H(Tr ) (Zχ̂γ (λ), Zχ̂γ (λ′ )).
In particular, Tr operates trivially on HomUχ̂γ (sl(2)) (Zχ̂γ (λ), Zχ̂γ (λ′ )), and (∗) implies
dimk Ext1G (S, S ′ ) = δλ,λ′ δµ,µ′ .
Thus, the block B is again a primary Nakayama algebra.
In either case, the Morita type of B may now be determined by computing the length ℓ of the
principal indecomposable B-module P . Owing to Corollary 3.8 and Lemma 3.3 we have ℓ = ℓ(P |G1 ),
and (4.2) now implies
ℓ = dimk radp (C(g)) = n,
as desired.

Remark. Note that the proof also provides the dimensions of the simple G-modules as well as their
distribution over the blocks.
In order to obtain more detailed information concerning the distribution of blocks with regard to
their representation type, we define an invariant for certain central extensions of Lie algebras. Let
(g, [p]) be a restricted Lie algebra, ψ : g −→ a a p-semilinear map to an abelian restricted Lie
algebra (a, [p]). We decompose a into its p-nilpotent and toral part and write
a = radp (a) ⊕ T (a).
As before, the composition of ψ with the canonical projection onto the toral radical T (a) will be
denoted ψT (a) . Since X(T (a)) is an Fp -vector space of dimension dimk T (a), the number
ℓψ := |{γ ∈ X(T (a)) ; γ ◦ ψT (a) = 0}|
is a power of p. If g is a centerless and perfect Lie algebra, i.e., if C(g) = (0) and g = [g, g], then
ℓψ is an invariant of the isomorphism type of gψ (cf. [18, (6.1)]).
Now let G be an infinitesimal group with tame principal block. By (1.2) and [20, (6.4)], the Lie
algebra g := Lie(G) is isomorphic to sl(2)ψ for a suitable p-semilinear map ψ : sl(2) −→ C(g). As
p ≥ 3, the Lie algebra sl(2) is centerless and perfect. We thus define
ℓG := ℓψ
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and note that ℓG only depends on the isomorphism type of G.
Corollary 4.4. Let G be an infinitesimal group with tame principal block. If r = ht(G/M(G)) ≥ 2,
and n = ℓ(Cent(G)/M(G)), then the following statements hold:
2
(1) H(G) has ord(M(G)/M(G1 ))ℓG p−1
2 blocks of Morita type N (r, n).
n
(2) H(G) has ord(G/G1 )(ℓG + p(ord(M(G1 )) − ℓG )) blocks of Morita type k[X]/(X p ).
Proof. According to (1.1) there exists m ≥ 0 such that
Cent(G) ∼
= M(G) × (Wm )1 .
In particular, we have Cent(G)/M(G) ∼
= (Wm )1 , so that m = n.
Let g := Lie(G) be the Lie algebra of G. Another application of (1.1) implies C(g) = Lie(Cent(G)) ∼
=
nn ⊕ T (g). According to (3.4) there exists a semisimple p-semilinear map ψ : sl(2) −→ C(g) such
that g ∼
= sl(2)ψ . As before, we consider the decomposition ψ = ψn + ψT (g) . Then we have
M
Uχγ (sl(2)ψn ).
U0 (g) ∼
=
γ∈X(T (g))

2
If χγ = 0, then [18, (1.4)] implies that Uχγ (sl(2)ψn ) has p−1
2 blocks of Morita type N (1, n) and
n
one block of type k[X]/(X p ). Alternatively, [21, (2.2)] and [17, (8.10)] yield that Uχγ (sl(2)ψn ) has
p blocks of the latter type. Counting occurrences of these cases, we obtain that H(G1 ) ∼
= U0 (g) has
2 (1, n) and ℓ + p(ord(M(G )) − ℓ ) blocks of Morita type k[X]/(X pn ).
blocks
of
type
N
ℓG p−1
G
1
G
2
Since N (G) is a normal subgroup of G containing M(G), we have M(N (G)) = M(G). Thus, the
group N (G) satisfies the conditions of (4.1), so that the corresponding types of blocks occur in the
Hopf algebra H(N (G)) with ord(M(G)/M(G1 ))-fold multiplicities. Observing (3.6) we have

pr−1 ord(M(G)/M(G1 )) =

ord(G)
ord(M(G))
ord(G)ord(M(G))
=
= ord(G/G1 ),
ord(G1 M(G)) ord(M(G1 ))
ord(G1 )ord(M(G))

and we may now apply (4.3(2)) as well as part (b) of its proof to obtain our Corollary.



We are now in a position to describe the structure of the tame infinitesimal groups of height ≥ 2.
For n ≥ 0, we let ψsn : sl(2) → nn be the p-semilinear map with values in the the n-dimensional
Ln−1 [p]i
nil-cyclic restricted Lie algebra nn := i=0
kv0 , given by
ψns (e) = 0 = ψns (f ) ; ψns (h) = v0

relative to the standard basis {e, f, h} of sl(2). Denote by sl(2)n := SL(2)ψns the corresponding
central extension of sl(2) with kernel nn , and by SL(2)n1 the infinitesimal group of height 1 associated
to sl(2)n . (In view of [18, (6.1)], the isomorphism class of SL(2)n does not depend on the choice
of the basis of nn .) Given r ≥ 1, the r-th Frobenius kernel Tr of the standard torus T of sl(2)
acts on sl(2)n1 via conjugation, and we can form the semidirect product SL(2)n1 ⋊ Tr . Denoting the
multiplicative center of this group by M(r, n), we define (see [18, Section 6])
Q[r,n] := (SL(2)n1 ⋊ Tr )/M(r, n).
Note that Q[r,0] ∼
= Q[r] for every r ≥ 1.
Theorem 4.5. Let G be an infinitesimal group with ht(G/M(G)) ≥ 2. Then the following statements are equivalent:
(1) The principal block B0 (G) is tame.
(2) G/M(G) ∼
= Q[r,n] for some r ≥ 2, n ≥ 0.
(3) H(G) is representation-infinite, special biserial.
(4) H(G) is tame.
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Proof. (1) ⇒ (2) We have B0 (G) ∼
= B0 (G/M(G)) [20, (1.1)]. We proved in [18, (6.4)] that the
principal block B0 (G/M(G)) is tame if and only if G/M(G) ∼
= Q[r,n] for r = ht(G/M(G)) and
n = ℓ(Cent(G)/M(G)).
(2) ⇒ (3) This follows from [18, (6.4)], [20, (1.1)], and (4.3).
(3) ⇒ (4) This follows from [43, (2.4)].
(4) ⇒ (1) Since H(G) is tame, the principal block B0 (G) is tame or representation-finite. In the
latter case, [19, (2.7)] implies that H(G) has finite representation type, a contradiction. Consequently, B0 (G) is tame.


Corollary 4.6. Let G be an infinitesimal group. Then the following statements are equivalent:
(1) H(G) is tame.
(2) H(G) is representation-infinite, special biserial.
Proof. In view of [43, (2.4)] and (4.5), we only have to verify (1) ⇒ (2) in case ht(G/M(G)) = 1.
By the above arguments, B0 (G) is tame and (3.6) yields G = G1 M(G). Owing to (4.1) the algebra
H(G1 ) ∼
= U0 (g) is tame. Hence B0 (G1 ) is tame and [17, (8.10)] shows that H(G1 ) is representationinfinite, special biserial. Another application of (4.3) then yields our assertion.


Remarks. (1) According to [19, (2.7)], the algebra of measures H(G) of an infinitesimal group G is
representation-finite if and only if H(G) is a Nakayama (hence special biserial) algebra.
(2) In view of [17, (8.10)] the implication (4) ⇒ (1) in (4.5) fails for wild infinitesimal groups.

5. The Stable Auslander-Reiten Quiver
In this section we are concerned with the Auslander-Reiten theory of tame infinitesimal groups
of characteristic p ≥ 3.
Given a self-injective algebra Λ, we denote by Γs (Λ) its stable Auslander-Reiten quiver. By
definition, Γs (Λ) is a directed graph, whose vertices are the isoclasses [M ] of the finite dimensional non-projective indecomposable Λ-modules M , and whose arrows are given by the irreducible
morphisms. The graph Γs (Λ) also possesses an automorphism τ , the so-called Auslander-Reiten
translation that reflects homological properties of Λ-modules. In fact, if Λ is symmetric, then
τ ([M ]) = [Ω2Λ (M )] is computable from the square of the Heller operator ΩΛ for every [M ] ∈ Γs (Λ).
We refer the reader to [3] and [4] for further details. We also note that if G is an infinitesimal group
of characteristic p ≥ 3 with tame principal block then H(G) is a symmetric algebra [18, (7.2)].
The representation theory of infinitesimal group schemes affords an analogue of Webb’s Theorem
[45, Theorem A] for finite groups: the tree class of a connected component of the stable AuslanderReiten quiver Γs (G) = Γs (H(G)) of an infinitesimal group G is either a finite Dynkin diagram, an
infinite Dynkin diagram, or a Euclidean diagram (see [14, (1.3)]). The shapes of the connected
components of the stable Auslander-Reiten quivers of the tame infinitesimal groups of height ≤ 1
and the tame semisimple infinitesimal groups of characteristic p ≥ 3 were described in [17, (7.2),
(8.10)] and [20, (5.6)], respectively. Adopting the notation established in [12], we let Ãm,n be the
quiver with underlying vertex set Z/(m + n), clockwise oriented arrows i 7→ i + 1 , 1 ≤ i ≤ m, and
counter-clockwise oriented arrows i 7→ i − 1 , 1 ≤ i ≤ n. Consequently, the tree class of Z[Ãm,n ] is
A∞
∞ for mn ≥ 2 and the Kronecker quiver Ã12 , otherwise.
We have now the following general result.
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Theorem 5.1. Let G be an infinitesimal group of characteristic p ≥ 3 with tame principal block,
r := ht(G/M(G)) and n := ℓ(Cent(G)/M(G)). Let B be a tame block of H(G). Then
(1) For n = 0 and r = 1, Γs (B) consists of 2 components of Euclidean type Z[Ã12 ], and infinitely
many components of type Z[A∞ ]/(τ ).
(2) For n = 0 and r ≥ 2, Γs (B) consists of 2 components of Euclidean type Z[Ãpr−1,pr−1 ], 4
r−1
components of type Z[A∞ ]/(τ p ), and infinitely many components of type Z[A∞ ]/(τ ).
r−1
(3) For n ≥ 1, Γs (B) consists of 4 components of type Z[A∞ ]/(τ p ), infinitely many components
of type Z[A∞ ]/(τ ), and infinitely many components of type Z[A∞
∞ ].
Proof. We know from [17, (8.10)] and (4.3) that the block B is Morita equivalent to the symmetric
special biserial algebra N 2 (r, n) = k[∆r ]/Jr,n . For n = 0, N 2 (r, n) is isomorphic to the trivial
extension H ⋉ D(H) of a radical square zero hereditary algebra H of Euclidean type Ã2pr−1 −1
(with Ã1 = Ã12 ) by its minimal injective cogenerator D(H) := Homk (H, k). Thus, statements (1)
and (2) follow from [36, (3.6)] and [42]. Moreover, for n ≥ 1 and r = 1, statement (3) follows from
[17, (7.2)].
Assume n ≥ 1 and r ≥ 2. Since n ≥ 1, the bound quiver (∆r , Jr,n ) has infinitely many primitive
walks (primitive V -sequences in the sense of [43, (2.2)]), for example
−1
2 −1 −1
m
α−1
, m ≥ 1,
1 β2 (α0 β1 ) (α1 β2 α0 β1 )

and hence applying [12, (2.2)] we infer that Γs (N 2 (r, n)) is a disjoint union of a finite number of
components of type Z[A∞ ]/(τ m ) with m ≥ 2, infinitely many components of type Z[A∞ ]/(τ ), and
m
infinitely many components of type Z[A∞
∞ ]. Further, the mouth of every stable tube Z[A∞ ]/(τ ) of
rank m ≥ 2 consists of the isoclasses of string modules (in the sense of [5]), whose AuslanderReiten sequences have indecomposable middle terms. Moreover, by [5] (see also [11, (II.6.2),
(IV.4.2), (IV.4.3)]) there is a bijection between the Auslander-Reiten sequences of string modules over N 2 (r, n) with indecomposable middle terms and the arrows of the Gabriel quiver ∆r of
N 2 (r, n), so that we have 4pr−1 of them. In fact, the ends of such Auslander-Reiten sequences are
the maximal uniserial submodules of the radicals of indecomposable projective N 2 (r, n)-modules.
We will now describe these modules and their associated Auslander-Reiten sequences.
For a string L of the bound quiver (∆r , Jr,n ) we denote by M (L) the associated (indecomposable)
string N 2 (r, n)-module. For each vertex i ∈ Z/(2pr−1 ) of ∆r , we have two canonical strings
ui := (αi βi+1 )p

n −1

αi

and vi := (βi αi−1 )p

n −1

βi

such that M (ui ) and M (vi ) are uniserial N 2 (r, n)-modules with
M (ui ) + M (vi+2 ) = Rad P (i + 1)

and

M (ui ) ∩ M (vi+2 ) = Soc P (i + 1),

where P (j) denotes the indecomposable projective module associated to a vertex j ∈ Z/(2pr−1 ).
Consider also the following strings
wi := ui βi−1 ui−2

and

zi := vi α−1
i vi+2 ,

i ∈ Z/(2pr−1 ),

and the associated string N 2 (r, n)-modules M (wi ) and M (zi ). Then we have the following canonical
Auslander-Reiten sequences of string N 2 (r, n)-modules
(0) −→ M (ui−2 ) −→ M (wi ) −→ M (ui ) −→ (0)
and
(0) −→ M (vi+2 ) −→ M (zi ) −→ M (vi ) −→ (0),
for all i ∈
Therefore, we have 4 stable tubes of rank pr−1 in Γs (N 2 (r, n)), namely:
(a) T1 , whose mouth consists of the isoclasses of the string modules
M (u0 ), M (u2 ), . . . , M (u2pr−1 −4 ), M (u2pr−1 −2 );
Z/(2pr−1 ).
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(b) T2 , whose mouth consists of the isoclasses of the string modules
M (u1 ), M (u3 ), . . . , M (u2pr−1 −3 ), M (u2pr−1 −1 );
(c) T3 , whose mouth consists of the isoclasses of the string modules
M (v2pr−1 −2 ), M (v2pr−1 −4 ), . . . , M (v2 ), M (v0 );
(d) T4 , whose mouth consists of the isoclasses of the string modules
M (v2pr−1 −1 ), M (v2pr−1 −3 ), . . . , M (v3 ), M (v1 ).
Therefore, T1 , T2 , T3 and T4 are the unique stable tubes of Γs (N 2 (r, n)) of ranks ≥ 2, and this
completes the proof of (3).

Theorem 5.1 elicits the significance of the invariant r := ht(G/M(G)) for the representation theory
of G. Our next result, which elaborates on [15, (4.4)], underscores this fact from a different perspective. Letting τ denote the Auslander-Reiten translation of Γs (G), we recall that a non-projective
indecomposable G-module M is referred to as τ -periodic if τ n ([M ]) = [M ] for some n ≥ 1. By general theory [3, (IV.3.7)], the Auslander-Reiten translation is computable from the Heller operator
Ω and the Nakayama functor ν of mod G via the formula
τ = Ω2 ◦ ν = ν ◦ Ω2 .
Since the Nakayama functor of H(G) has finite order (cf. [29, (I.8.12)]), the notions of τ -periodicity
and Ω-periodicity coincide.
Proposition 5.2. Let M be a τ -periodic module of the infinitesimal k-group G and put r :=
ht(G/M(G)).
r
(1) We have τ p ([M ]) = [M ].
r−1
(2) If H(G) is symmetric, then we have τ p ([M ]) = [M ].
Proof. Since M(G) is multiplicative, the Hochschild-Serre spectral sequence
H n (G/M(G), H m (M(G), k)) ⇒ H n+m (G, k)
∼

collapses to isomorphisms γn : H n (G/M(G), k) −→ H n (G, k). The isomorphisms γn are the edge
homomorphisms E2n,0 −→ H n (G, k) of the spectral sequence, and are thus induced from the canonical inflation map H ∗ (G/M(G),
k) −→ H ∗ (G, k) (cf. [46, (5.8.3)]). As a result, the commutative kL
2n
ev
algebras H (G, k) := n∈N0 H (G, K) and H ev (G/M(G), k) are isomorphic. By the FriedlanderSuslin Theorem [22, (1.5)], the algebra H ev (G, k) thus has a system of homogeneous parameters of
degrees 2pi ; 0 ≤ i ≤ r − 1.
Let ζ ∈ X(G) be the modular function of the Hopf algebra H(G). Since M(G) lies centrally in
G, ζ annihilates the augmentation ideal of H(M(G)) (cf. [29, (I.8.8)]). Consequently, ζ belongs to
the subgroup X(G/M(G)) and thus has order a divisior of pr . The arguments of [15, (4.4)] now
yield the assertions.

6. Infinitesimal Groups of Polynomial Growth
Let Λ be a tame algebra. For each d ∈ N, we let µΛ (d) be the minimum number of (Λ, k[X])bimodules M1 , . . . , MµΛ (d) giving rise to the one-parameter families of indecomposable d-dimensional
Λ-modules. The algebra Λ is said to have polynomial growth if there exists a natural number m
such that µΛ (d) ≤ dm for every d ≥ 1 (see [39]). Moreover, we refer to Λ as being domestic if there
exists a natural number m such that µΛ (d) ≤ m for every d ≥ 1 (see [8, (5.7)]). It is well-known
that an algebra Λ is of polynomial growth (respectively, domestic) if and only if its basic algebra
enjoys this property.
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Theorem 6.1. Let G be an infinitesimal group of characteristic p ≥ 3. Then the following statements are equivalent:
(1) B0 (G) is of polynomial growth.
(2) G/M(G) ∼
= Q[r] for some r ≥ 1.
(3) H(G) is domestic with µH(G) = 2.
(4) H(G) is tame and Γs (G) admits a connected component of Euclidean type.
Proof. (1) ⇒ (2). Suppose that B0 (G) is of polynomial growth. Then B0 (G) is tame and hence is
Morita equivalent to N 2 (r, n) for r = ht(G/M(G)) and n = ℓ(Cent(G)/M(G)) by [18, (7.1)]. Since
N 2 (r, n) is of polynomial growth we infer from [12, (2.1)] that its bound quiver (∆r , Jr,n ) admits
only finitely many primitive walks, and consequently n = 0 (see the proof of (5.1)(3)). On the other
hand, we know from (1.1) that G/Cent(G) ∼
= Q[r] and Cent(G) ∼
= M(G) × (Wn )1 , where (Wn )1
is the first Frobenius kernel of the group Wn of Witt vectors of length n. Hence n = 0 implies
Cent(G) ∼
= M(G), and (2) holds.
(2) ⇒ (3). Assume G/M(G) ∼
= Q[r] for some r ≥ 1. Clearly then r = ht(G/M(G)). Moreover
∼
B0 (G) = B0 (G/M(G)) is Morita equivalent to N 2 (r, 0), and consequently is tame. For r ≥ 2, (4.3)
implies that every block of H(G) is Morita equivalent to N 2 (r, 0) or to k[X]/(X) = k. For r = 1,
we first apply (3.6) to see that G = G1 M(G). In view of (4.1) it therefore suffices to study the
blocks of the algebra H(G1 ) ∼
= U0 (g). As usual, g := Lie(G) is the Lie algebra of G.
Since Q[r] is semisimple, our present assumption implies M(G) = Cent(G). The presentation
G = G1 M(G) yields Cent(G1 ) ⊂ Cent(G), so that the center of g is a torus. The arguments of
the proof of [17, (8.10)] now show that every block of H(G) is Morita equivalent to N 2 (1, 0),
k[X]/(X), or k[X]/(X 2 ). In sum, the blocks of H(G) are either Nakayama algebras, or Morita
equivalent to N 2 (r, 0). As noted in the proof of (5.1), the algebra N 2 (r, 0) is isomorphic to the
trivial extension H ⋉ D(H) of the radical square zero hereditary algebra H of Euclidean type
Ã2pr−1 −1 (with Ã1 = Ã12 ). By results of Tachikawa [42], the latter algebra is 2-parametric, so that
H(G) is domestic with µH(G) = 2.
(3) ⇒ (4). This is a direct consequence of (4.6) and [12, (2.1)].
(4) ⇒ (1). This is a direct consequence of (4.6) and [12, (2.1),(2.2)].


7. The Krull-Gabriel Dimension of H(G)
Given a k-algebra Λ, we denote by mod Λ and C (Λ) the categories of finite dimensional left Λmodules and finitely presented covariant functors from mod Λ to mod k, respectively. We will write
A /S for the abelian quotient of an abelian category A by a Serre subcategory S (cf. [27, (1.11)]
and [38, (I.2)]). We put C−1 := 0, and define Cn to be the category of all functors F ∈ C that are
sent to an object of finite length by the canonical quotient functor C → C /Cn−1 . Following [23]
we define the Krull-Gabriel dimension KG(Λ) ∈ N ∪ {∞} via
KG(Λ) := min{n ∈ N ∪ {∞} ; Cn = C }
It was shown in [1, (3.14)] that KG(Λ) = 0 if and only if Λ is of finite representation type.
A commutative unipotent infinitesimal k-group U is called V-uniserial if the Verschiebung VU :
U (p) −→ U (cf. [9, (IV,§3,no.4),(II,§7,no.1)]) induces an exact sequence
V

U
U (p) −→
U −→ αp −→ ek .

Here αp := Speck (k[T ]/(T p )) denotes the first Frobenius kernel of the additive group.
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Theorem 7.1. Let G be an infinitesimal group of characteristic p ≥ 3. Then the following statements are equivalent:
(1) KG(B0 (G)) < ∞.
(2) G/M(G) ∼
= Q[r] for some r ≥ 1, or G/M(G) ∼
= U ⋊ µpm for a multiplicative group µpm and
a V -uniserial normal subgroup U.
(3) KG(H(G)) ∈ {0, 2}.
Remark. Owing to [16, (4.2)] the structure of the groups G/M(G) ∼
= U ⋊ µpm is well understood
(see also [31] for uniserial groups).
Proof. (1) ⇒ (2). Suppose B0 (G) has finite Krull-Gabriel dimension. Owing to [24] this implies that B0 (G) is of finite or tame representation type. In the former case, the classification of
representation-finite infinitesimal groups (cf. [19, (2.7)]) shows that G/M(G) is a semidirect product
of a multiplicative group µpm and V -uniserial normal subgroup U. If B0 (G) is tame, then [20, (1.1)]
and [18, Thm.B] imply that B0 (G) ∼
= B0 (G/M(G)) is Morita equivalent to a double Nakayama algebra N 2 (r, n) for some r ≥ 1 and n ≥ 0 . Suppose n ≥ 1. Then the string algebra B0 (G)/ Soc B0 (G)
is non-domestic (cf. [12, (2.1)]) and in view of [37, Prop. 2] has infinite Krull-Gabriel dimension.
Thus, KG(B0 (G)) = ∞, and we have reached a contradiction. Therefore, n = 0 and B0 (G) is a
domestic algebra. Applying now (6.1) we obtain G/M(G) ∼
= Q[r] for some r ≥ 1.
(2) ⇒ (3). If G is given as in (2), then (6.1) and [19, (2.7)] show that H(G) is of tame or
finite representation type. In the latter case, [1, (3.14)] yields KG(H(G)) = 0. Alternatively, we
have G/M(G) ∼
= Q[r] , and then the proof of (6.1) shows that H(G) is a domestic algebra whose
tame blocks are Morita equivalent to N 2 (r, 0). Since N 2 (r, 0) is the trivial extension H ⋉ D(H)
of a hereditary algebra H of Euclidean type Ã2pr−1 −1 , an application of [24, (3.9)] and [42] gives
KG(N 2 (r, 0)) = 2. Since all other blocks are representation-finite algebras, H(G) has Krull-Gabriel
dimension 2.
(3) ⇒ (1). Trivial.
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